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Introduction

Undergraduate students usually develop their appreciation
for abstract mathematics in Linear or Modern Algebra classes.
Linear Algebra introduces the student to formal proofs. Then,
Modern Algebra uses formal proofs to gain insight into group,

ring, and field theories.

Group theory is concerned with both finite and infinite
group structures. The new student to algebra often does not have
the necessary concrete examples at his fingertips to drive home
the ideas presented. This may cause students a great deal of
frustration and affect their confidence. The program and data
base described in this report are designed to alleviate this
frustration. The program makes available to the instructor of
undergraduate students the forty non-isomorphic groups of order
three to sixteen, and the capability to generate any group up to

order one hundred.

This report describes the mathematics behind the program and
how the program functions. Chapter I discusses the basic
mathematical concepts used and how they are translated into a
programming language. Chapter II describes testing results using
the forty non-isomorphic groups of order three to sixteen.
Chapter III then builds upon the previous chapters, presenting
several examples an instructor could use to focus and clarify the

ideas presented in the class and text.




Chapter I

To write a program that generates the elements and subgroups
of a group, a mathematical scheme to generate the elements must
be picked. Several such schemes exist, for example: power
notation, matrix representation, prime power decomposition,
integers under addition modulo some n, and permutations. The
authors chose the permutation scheme because of its general
applicability. We know from Cayley's theorem that every group is
isomorphic to a group of permutations.

Next the authors had to decide what format the permutations
would be represented in - either standard notation

or Cyclic notation (1 5)(2)(3 4)(6). Since every permutation in
standard notation may be written in cyclic notation as above, and
cyclic notation requires less computer storage space, cyclic

notation was picked.

Cyclic notation by its very nature is a wrap-around
notation. This causes some problems since a permutation written
in cyclic notation is not unique. For example, (1 2 3 4),
(2 341), and (3 4 1 2) all represent the same permutation.
This problem is compounded when a permutation requires more than
one cycle to represent it. For example, the permutation
(1 2 3 4)(5 6 7 8) has sixteen possible different representations

in cycle format. Also, an element of a cycle may be repeated in




following cycles, or singleton cycles may be present. All of
these problems are easily solved by writing the cycles of a
permutation in a special way. This special format is called the
canonical form of a permutation. It is unique, and its existence
stems from the following important facts:

1. Since singleton cycles neither add nor detract from a
permutation represented in cyclic notation, they may be dropped.

2. Every permutation of a finite set is a product of
disjoint cycles [1].

In Knuth [2] an algorithm was found to generate the
canonical form of a permutation. A collection of cycles that
represents a permutation is first written as a product of
disjoint cycles. Next, each cycle is ordered by finding the
smallest element and putting it first. Then all the cycles are
ordered according to their first elements, highest to lowest.

Any singleton cycles are dropped during this process. An example

is the following, assuming a product of disjoint cycles:

permutation: (4 1 2 3)(8 6 7 5)(9)
first cycle becomes (1 2 3 4)
second cycle becomes (5 8 6 7)
third cycle is dropped

permutation in canonical form: (5 8 6 7)(1 2 3 4).

The next problem to arise prior to programming was the
programming language. The authors wanted a portable, executable
code, i.e., portable without recompiling for different personal
computers (pcs) using different versions of MS-DOS. We chose the
"C" language. The particular compiler is Turbo C {3]. The

executable code works on various pcs made by Zenith and IBM.




These machines use MS-DOS version 2.0 through 3.3 with different

designs of hardware, i.e., processors 8086, 80286, and 80386.

Implementation of the above decisions into code could now
proceed. For speed and efficiency, the code and corresponding
data space was left in memory until the program completely
generated the elements and subgroups of a group. At that time,
the data was written to disk under filenames generated by the
computer using information that the user supplied. Also, the
user was given the option to print the data. These design

decisions drove the physical limitations of the program.

An early concern was how best to store the permutation data.
We decided that the user would only see nonnegative numbers
within the permutations, i.e., (1 2 3 4). We also decided to
take advantage of C's extensive character manipulation library.
Therefore, all numerical values entered or generated are
converted to characters. This saves space, since numerical
values require two (2) bytes, and characters require only one (1)
byte.

The above design decisions limited the number of numerical
values within a permutation to 256, that is, the numbers 0
through 255. However, zerc (0) could not be used since it is the
terminating character of the character string in C. Also, the
numerical values 128 through 255, when converted to characters,
have the first bit of the character byte turned on. This is
significant because the first bit is propagated through the

second byte when converting back to numerical values, yielding




negative numbers for printout. Thus, the numerical values 1
through 127 are the only values that gqualify.

Next, the authors decided on the number of elements and
subgroups that the system could generate and place in storage.
If all the 127 numbers are used, the largest permutation possible
takes 190 characters to express. Consider for example, the
problem of storing the elements of the dihedral groups D(127).
Since the order of D(127) is 254, we needed a storage matrix of
size 48k (254 x 190), where k stands for kilobytes.. Considering
other matrices we also needed to use and the limits on data
storage for any module of a C program, we decided to limit the
number of elements to 200. The final size of the element matrix
is 203 by 155, which uses 32k of storage. The extra three rows

are used for system space.

Each row of the subgroup matrix must contain at least the
numeric names of all the elements possible in the group. This
value is 203. The number of possible subgroups capalle of being
produced by the system is limited by available space in the
common storage area. The common storage area allows only 64Kk.
Since other variables also necd to be kepted in common storage,
we gave the subgroup matrix dimensions of 273 by 203, requiring

56k.

Except for some other minor considerations, the system was
ready to be written. The authors decided that the user should
have a definitive reason to do everything. This means that the

system would not only be menu driven, but that every action would




require at least two key strokes; that is, an option keystroke
and pressing ENTER to confirm the option. This allows the user

to correct a mistake before the system starts working.

To start the system, the user lcads the program in the
current drive (drive A or B), and then types in ABSALGS8. The
first menu that the user sees when running the system is the
Permutation Program Main Menu noted below.

PERMUTATION PROGRAM MAIN MENU
Option 1 - Group Generation

Option 2 - Print a Generated Group
Option 3 - Exit Program

Enter Option and Press Enter:

This menu allows the user to choose group generation, a
print function, or to exit. Let us say the user chooses to
generate a group. The menu then displayed is the Group Generation

Menu.

GROUP GENERATION MENU
Option 1 for DIHEDRAL GROUPS
Option 2 for CYCLIC GROUPS
Option 3 for ABELIAN GROUPS
Option 4 for UNKNOWN GROUPS
Option 5 for EXIT PROGRAM

Enter Option and press ENTER:

If the user chooses options 1 or 2 the following directions are

respectively displayed.




DIRECTIONS:
Enter the number of the Dihedral Group
after the 'D' and press ENTER
To exit just press ENTER
D
DIRECTIONS:
Enter the number of the Cyclic Group
after the 'C' and press ENTER
To exit just press ENTER

C

Enter the number of the group you wish generated, press
WENTER" and the system will display the generating elements.
When the system completes the group it will write it to the same
drive that was used to start the system. The system will then
give the user the option to print the group either to screen or
printer. If this option is chosen, the system will perform the
requested task, and then ask the user to press "ENTER" to
continue. This action will return the user to the directions of
either option 1 or 2 respectively. The directions may be exited
by pressing "ENTER" without entering a numerical value. This

action returns the user to the Group Generation Menu.

Options 3 and 4 of the Group Generation Menu are also easy




to use. Suppose you choose option 4. The following directions
are presented:
DIRECTIONS:

When prompted with a '*', enter a permutation

in cycle notation. Use '()' as delimiters.

Enter only integer values (i) in the range

0 < i < 128. Place a space between each i,

For Example: (1 34 5) (23 127 2).

A PERMUTATION MAY ONLY BE 80 CHARACTERS LONG.
NOTE: A GROUP MAY HAVE A TOTAL OF 128 ELEMENTS.

Press ENTER when the permutation is complete.
To end entry press ENTER with a null input.

"To end entry press ENTER with a null input.", allows you to
either exit the option before entering any permutations, or start
the group generation process after one or more permutations are
entered.

Suppose you enter the following permutation:

(1 36 7)(234)(154)(6145)(27 615).

Using this permutation, the following demonstrates the
systems internal formatting capabilities. Two lines describe the
entered permutation. The first line is in ASCII notation. The
second line is the equivalent hexadecimal notation. The above
permutation converts in the following way:

( 1 3 6 7 ) ( 2 3 4 ) (1 5 &4 )
28 31 33 36 37 29 28 32 33 34 29 28 31 35 34 29

( 6 1 4 5 ) ( 2 7 6 1 5 ) 0
28 36 31 34 35 29 28 32 37 36 31 35 29 00




The terminating zero is added by the standard C programming
library input function "get string" (gets( )). Now the internal
formatting begins. First the right parentheses are dropped.

(1 3 6 7 ( 2 3 4 ( 1 5 4
28 31 33 36 37 28 32 33 34 28 31 35 34

( 6 1 4 5 ( 2 7 6 1 5 0
28 36 31 34 35 28 32 37 36 31 35 00
Second, all left parentheses are converted to 255.

2551 3 6 7 2552 3 4 2551 5 4
£ff 31 33 36 37 ff 32 33 34 ff 31 35 34

255 6 1 4 5 25852 7 6 1 5 O
ff 36 31 34 35 ff 32 37 36 31 35 00
Next, the value of each integer is converted from a string
character to a numeric value, insuring each value is between 0
and 128 exclusive. It is then stored in a single character byte,
which has a new hexadecimal notation.

2551 3 6 7 2552 3 4 2551 5 4
ff 01 03 06 07 £ff 02 03 04 ff 01 05 04

255 6 1 4 5 2852 7 6 1 5 O
ff 06 01 04 05 ff 02 07 06 01 05 00
The above new permutation representation is the format that
is passed from the Internal Formatter to the Multiplier. The
Multiplier reduces the permutation to a product of disjoint

cycles. The algorithm for the Multiplier is in Knuth [2].

To illustrate the steps of the Multiplier consider the
permutation used above in the demonstration of the Internal
Formatter function. For simplification, we select a starting

point that demonstrates all the checks of the Multiplier. Assume




the following conditions: a "U" shows which elements in the
collection of cycles have already been traced through the cycles
and recorded in a new permutation called the answer permutation.
Note: the 255 in the answer permutation is a left parenthesis,
not an element that was traced through the cycles and recorded.
U u U u
2551 3 6 7 2552 3 4 2551 5 4
ff 01 03 06 07 £ff 02 03 04 ff 01 05 04
U U U
255 6 1 4 5 255 2 7 6 1 5 0
ff 06 01 04 05 ff 02 07 06 01 05 00
Answer permutation is
255 1 4
£ff 01 04
Holding a pointer at the first four in the permutation being
multiplied and going from left to right, one can find the element
that the four is mapped onto. Scanning the permutation, we find
that the first element after the four is a left parenthesis, or
255. Thus in this cycle, the four maps onto the first element in
the cycle, or two. Starting with the two, scan the permutation
for the next occurrence of two. It occurs in the last cycle. 1In
the last cycle, two is mapped onto seven. Starting with the
seven, scan the permutation for the next occurrence of the seven
without going past the zero at the end of the permutation. Since

another seven does not occur before the end of the permutation,

seven is where the four maps to in the answer permutation. Mark

10




all occurrences of seven with a "U". What we have now is:
U U u U U
2551 3 6 7 2552 3 4 2551 S5 4
ff 01 03 06 07 £ff 02 03 04 ££f 01 05 04
Uu u U U

255 6 1 4 5 255 2 7 6 1 5 O

ff 06 01 04 05 ff 02 07 06 01 05 00
and the answer permutation is now:

255 1 4 7

ff 01 04 07

Holding a pointer at the first seven in the permutation

being multiplied and going from left to right, one can find the
element the seven is mapped onto. Scanning the permutation, we
find that the first element after the seven is a left
parenthesis, or 255. In this cycle, the seven maps onto the
first element in the cycle, or one. Starting with the one, we
scan the permutation for the next occurrence of one. It occurs
in the third cycle. 1In the third cycle, one is mapped onto five.
Starting with the five, scan the permutation for the next
occurrence of five. It occurs in the fourth cycle. 1In the
fourth cycle, the element following the five is a left
parenthesis, or 255, therefore the five maps onto the first
element in the fourth cycle, or six. Starting with the six, we
scan the permutation for the next occurrence of six. It occurs in
the fifth cycle. In the fifth cycle, the six maps onto one.
Starting with the one, scan the permutation without going past
the zero at the end of the permutation. Since another one does
not occur before the end of the permutation, one is where the

seven will map onto in the answer permutation. But one has

11




already been used, therefore a cycle is closed in the answer
permutation by putting a 255 (left parenthesis) as a cycle
delimiter. We now have:
U U ¢) $) U
2551 3 6 7 2552 3 4 2551 5 4
ff O0l1 03 06 07 £ff 02 03 04 £f 01 05 04
U U U 0)

255 6 1 4 5 255 2 7 6 1 5 0

ff 06 01 04 05 ff 02 07 06 01 05 00
and the answer permutation is:

255 1 4 7 255

ff 01 04 07 ff

Going from left to right, we find the first element not

used, that is, the first element that does not have a "U" above
it, and start the process all over again. When all elements have
been used, the Multiplier terminates by putting a terminating
zero (0) in place of the trailing 255. The answer permutation

is:

2551 4 7 2553 5 2 2556 O
ff 01 04 07 £ff 03 05 02 £ff 06 00

The input permutation passed to the Multiplier had five
cycles and twenty-five characters. After completion of the
Multiplier, the input permutation was reduced to three cycles and
eleven characters.

Notice that the last cycle is a singleton cycle. A
subroutine called Singleton Remover was developed to remove these
unnecessary and space wasting singletons. Passing through

Singleton Remover, our permutation is reduced to two cycles and

12




nine characters as follows:
2551 4 7 255 3 5 2 0O
ff 01 04 07 £ff 03 05 02 00
The above is our original permutation represented in its
most compact form. However, it is not unique. For instance the
following two permutations also represent the same permutation:

255 7 1 4 2555 2 3 O
f£f 07 01 04 ££f 05 02 03 00

255 4 7 1 255 2 3 5 O
ff 04 07 01 £f£f 02 03 05 00
The canonical form discussed earlier must now be used. A
separate program was developed to perform this action. The final
form of our original permutation is
255 2 3 5 2551 4 7 O
ff 02 03 05 ff 01 04 07 00
The final action in the internal formatting process is to
insure that the permutation, now in canonical form, does not
exist on the element table. If it does exist, an appropriate
message is returned to the user. If it does not exist, then the
system echoes this permutation to the user and configures itself
to accept another permutation. It is interesting to note that
the entire internal formatting process for the largest possible

permutation entered requires less than two seconds.

The system allows the user to enter up to seven different
permutations as group generating elements. Once the user decides
on the number of permutations to input and does so, he then

presses "ENTER" with a null input. The system will then generate

13




the group, that is, all the elements and subgroups that are

possible from the entered permutations.

When the system completes the group generation process it
will prompt the user for an identifying name. This name may be
up to seven characters long. It will be concatenated with E.DAT
for the elements and S.DAT for the subgroups. The files are
created and the data recorded.

With one small exception, the system then follows the same
procedure that was explained for options 1 and 2 of the Group
Generation Menu. When the system requests you to press "ENTER"

to continue, the system returns to the Group Generation Menu.

Below is the group generated by
(1 36 7)(23 4)(154)(6145)(27615)

The elements are the following:

e0 is the identity element

el = (235) (147)

e2=(253) (174)
The subgroups are the following:

S0 is the null subgroup

S1 = ( e0 el e2 )

The above was a very quick walk-through of the group
generation options of the system. We will now investigate the

print options.

The user starts the system and chooses the Print Menu

14




option. The system displays the Print Menu to the user.
PRINT MENU
Option 1 for DIHEDRAL GROUPS
Option 2 for CYCLIC GROUPS
Option 3 for ABELIAN GROUPS
Option 4 for UNKNOWN GROUPS
option 5 EXIT PROGRAM
Enter Option and press ENTER:
If the user chooses either option 1 or 2 the following
instructions are displayed respectively:
DIRECTIONS:
Enter the number of the Dihedral Group
after the 'D' and press ENTER
To exit just press ENTER
D
DIRECTIONS:
Enter the number of the Cyclic Group
after the 'C' and press ENTER
To exit just press ENTER
C
The user must enter the number of a group for which data
exists. This may be one of twenty groups that are dihedral or
cyclic of the forty non-isomorphic groups in the data base. It
may also be the number of a dihedral or cyclic group that the
user generated under the Group Generation option of the Main

Menu.
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If the data does not exist the system will immediately
terminate and put the user at the DOS prompt. Once the system
reads the data off the disk the following self-explanatory
instructions are displayed:

SELECT OUTPUT METHOD
p for PRINTER
s for SCREEN

Enter choice and press ENTER:

Suppose the user was in option 1 and wished to print to the
screen Dihedral Group 3, the following is what the user would
see:

The elements are the following:

e0 is the identity element

el = (12 3)
e2 = (2 3)
e3 = (13 2)
e4 = (13)
e5 = (12)

The subgroups are the following:

80 is the null subgroup
S1 = ( e0 e2 )

S2 = ( e0 e4d )

S3 = ( e0 e5 )

S4 = ( e0 el el )

S5 = ( e0 el e2 e3 e4 e5 )

Press ENTER to continue:

Once the data is written either to the screen or the
printer, the system will request the user to press ENTER to
continue. This action will display the directions for option 1,

if the group last printed was a dihedral group, or 2, if the

16




group last printed was a cyclic group. From here the user may

print another dihedral or cyclic group or exit to the Print Menu.

Suppose our user exits to the Print Menu and then chooses
option 3 (abelian option) or 4 (unknown option). The following
directions will be presented respectively:

DIRECTIONS:
Enter the first seven characters of
the Abelian group file name after
the '#! and press ENTER.
To exit just press ENTER.
*

DIRECTIONS:
Enter the first seven characters of
the unknown group file name after
the '*' and press ENTER.
To exit just pres ENTER.
*

At this juncture the user must know the filename. Under
option 4, unknown group, it may be any name that exists, either
generated by the user using the Group Generation option of the
Main Menu or one of the forty groups that are in the systen's
data base. For option 3, abelian group, only the filename of an
abelian group that exists should be entered. It may be either
user generated, or one of the forty groups in the system data
base that is abelian and non-cyclic. Up to seven characters may
be typed in. The E.DAT or S.DAT that is attached to all data

files when they are created is not entered, they are generated by
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the computer. From this point the same directions appear as in
option 1 or 2 with one small difference. When the user is asked
to press "ENTER" to continue, the system returns to the Print

Menu.

For a demonstration, suppose the user was in the Unknown
Group Option and wished to print the group structure known as the
Klein 4-group. The filenames for this group are KLEIN4E.DAT and
KLEIN4S.DAT. The user would enter kleind4 in lowercase letters.
By following the simple directions, the following would be
printed to screen:

The elements are the following:

e0 is the identity element

el = (34) (12)
e2=(23) (14)
e3 = (24) (13)

The subgroups are the following:

S0 is the null subgroup
Sl = ( e0 el )

S2 = ( e0 e2 )

S3 = ( e0 e3 )

S4 = ( e0 el e2 e3 )

Press ENTER to continue:

When the user presses "ENTER" to continue, the system

returns him to option 4 (unknown option).

This chapter has highlighted the major functions and
capabilities of the abstract algebra programming system ABSALGS.
We have included two appendices to assist those readers wishing
to delve deeper into the programming itself. Appendix B simply

lists the names of all the programs within the system with a

18




short description of each. Appendix C contains the actual

programs.
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Chapter 1I

We tested the algebra programming system ABSALGS by
developing a data base of the forty non-isomorphic groups of
order three to sixteen, hereafter referred to as the System Data
Base. In what follows, each of the four generating options are
addressed in a similar fashion. First, the type of group or
groups are formally defined. Second, if possible, a practical
interpretation of the definition is given with an example.
Third, a table or explanation of generating times is presented.
Finally, we offer a table or explanation of the number of
subgroups of each group. The reader should also note that
appendix A contains all the data in the System Data Base, ordered

on the size of the group within each type of group.

To test the system fully, every option of the group
generation process needs to be exercised. Scanning the group
generation menu there are four selections to test, that is,

dihedral, cyclic, abelian, and unknown.

The Dihedral Option:

The dihedral groups are defined formally in the following
manner: For an integer n, an element of the natural numbers,
such that two is less than or equal to n, let D(n) equal the set
G of elements X and Y, such that, X" "n equals 1, Y" "2 equals 1,

and (XY)“"“2 = 1, that is,

D(n) =G{ X, ¥/ X"*n =1, Y""2 =1, (XY)""2 = 1}.

20




Although this is a good abstract definition which, with enough
multiplications, will generate a group table, a more practical
definition of dihedral groups is possiblie. Indeed, the nth
dihedral group D(n) may be thought of as the group of symmetries
of the regqular n-gon. For example, the dihedral group D(4) may
be interpreted as the symmetries of the square. Here the
symmetries refers to those rotations, mirror images in
perpendicular bisectors of sides, and diagonal flips that bring

the figure back onto itself.

When generating the permutations for D(n), it is convenient
to think of a n-gon with a natural number associated with each
corner, that is, the point of inters.ction of two sides. The
figure below will be an aid in the comprehension of permutation

generation for D(4).

Assume that the square in the above figure is in its
identity position; then cne clockwise rotation would produce
(1 2 3 4) as a permutation in cycle notation. That is to say,
one is mapped onto two's position, two is mapped onto three's
position, three is mapped onto four's position, and four is
mapped onto one's position. One more clockwise rotation would
produce (1 3)(2 4) as a permutation. The next two clockwise

rotations would produce (1 4 3 2) and (1)(2)(3)(4) respectively.
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Again, if it is assumed that the above figure is in its identity
position, then one mirror image in the perpendicular bisector of
sides 1-2 and 3-4 would produce the permutation (1 2)(3 4). One
more mirror image in the perpendicular bisector of the sides 1-2
and 3-4 would return the square to the identity position.
Similarly, a diagonal flip using the diagonal that joins 2 to 4
would produce the permutation (1 3). One more diagonal flip
using the same diagonal would result in the square returning to
its identity position. Continuing in this manner, a total of

eight permutations may be generated.

This method illustrates the way a human might attempt to
find all the elements of a dihedral group. For a program on a
computer to generate the elements a more general method is
needed. The following generates the dihedral group D(n) on a

computer using cyclic notation:

(12345...n) and
(1n)(2(MnNn-=-1) )(3 (n=-2))...(m@mH+1))

for n even, and by the permutations

(123 45. . .n) and
(2n)(3 (n-1)Y)(4(n-2))...(m(m+ 1))
for n odd.

The dihedral section of the program will only work for n
greater than two. It is interesting to note that a dihedral
group has twice as many elements as its associated value of n,
for instance D(8) has sixteen elements. Thus it is easy to see

that the dihedral groups in System Data Base are D(3), D(4),
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D(5), D(6), D(7), and D(8). Below is a chart indicating the
amount of computer time in seconds it took to generate each

dihedral group.

DIHEDRAL GROUP TIME
D(3) 1.76
D(4) 3.92
D(5) 5.99
D(6) 22.92
D(7) 20.27
D(8) 63.04

The following is a table of the number of subgroups by order

for each of the dihedral groups. It does not include the group

itself.
DIHEDRAL SUBGROUP
GROUP ORDER TOTAL

1 2 3 4 5 6 7 8

D(3) 1 3 1 5
D(4) 1 5 3 8
D(5) 1 5 1 7
D(6) 1 7 1 3 3 15
D(7) 1 7 1 9
D(8) 1 9 5 3 18

This concludes our discussion of the dihedral groups. We

now turn our attention to the cyclic groups.
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The Cyclic Option:

The cyclic groups are formally defined by: For an integer n,
an element of the natural numbers, such that 2 is less than or
equal to n, let C(n) equal the set G of elements X, such that

X" “n equals 1, that is,

C(n) = G{X/ X "n = 1).

Again this is a good abstract definition. However, there is
a more practical interpretation. You may already have noticed
that the above definition is the first part of the definition for
dihedral groups. We may think of a cyclic group as nothing more
than the rotations of the regular n-gon. For example, C(4) has
elements (1 2 3 4), (1 3)(2 4), (1 4 3 2), and (1) (2)(3)(4).
These are the first four elements of D(4).

The above method represents one way a person might generate
a cyclic group. However, for a computer, all we need is one
generating element in permutation form. The cyclic group C(n)

may be generated on a computer with the permutation

(1234....n).

As you may have guessed, a cyclic group has as many elements
as its associated n. For example, C(5) has five elements. For
the purpose of the program, n must be greater than two to use the
cyclic option of the menu. Fourteen groups in the System Data
Base are cyclic groups. C(16) took approximately five seconds to

produce, and is the largest cyclic group generated for our test.
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C(3) through C(15) each required less than five seconds to

produce.

The cyclic groups have one subgroup for each integer value
that divides the order of the group. This means that C(16) has
five subgroups: the identity, the group itself, the subgroup of
order two, the subgroup of order four, and the subgroup of order
eight. Similarly, the subgroups of the other cyclic groups from

order three to sixteen are easily produced.

We next turn our attention to the abelian groups, which are

closely related to the cyclic groups.

The Abelian Option:
By the Fundamental Theorem of Finitely Generated Abelian
Groups, every finitely generated abelian group G is isomorphic to

a direct product of cyclic groups of the form
1. Z{p(1)""r(1)] x 2[(p(2)""r(2)] x ... x 2{p(n)""r(n)] x Z
XeoeoX Z
where the p(i) are primes, not necessarily distinct, and also of
the form
2. Z(m(1)] x Z2(m(2)] x ... X Z(m(n)]} X Z X ... X 2
where m(i) divides m(i+1) [1].

There are eight abelian groups in the above formats that are

part of the System Data Base. The following table gives the

25




traditional name, the name given as a filename in the System Data

Base, and the time in seconds it took to generate each group.

TRADITIONAL FILENAME TIME

. Z(2)xZ(2)xZ(2) a2azaz 12.74
Z(2)xZ(4) adxaz2 3.10

- Z(3)xZ(3) a3xa3l 2.97
Z(2)xZ(6) aéxa2 14.98
Z(2)xZ(8) a2x8 31.45
Z(4)xZ2(4) a4x4 34.85
Z(2)XZ(2)x2(4) a2x2x4 150.28
Z2(2)xZ(2)xZ(2)x2(2) a22x22 609.58

NOTE: For the rest of this paper the filenames will be used to

reference the different groups.
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The following table gives us an idea how the subgroups break

down for the eight abelian groups. It does not include the group

itself.
GROUP NAME SUBGROUP ORDER TOTAL
1l 2 3 4 6 8
aza2az 1 7 7 15
adxa2 1 3 3 7
a3xa3 1l 4 5
a6xa2 1 3 1 1 3 9
az2x8 1 3 3 3 10
adx4 1 3 7 3 14
az2x2x4 1 7 11 7 26
a22x22 1 15 35 15 66

The Unknown Option:

For this option, the filenames used help identify the group
structure. In some cases, the group structure is quite well-
known, even to the casual algebra student. One easy example being
the Klein 4-group. In other cases, the group structure and
generating elements are harder to identify. The groups will be
listed in group order from lowest to highest. Where there are
several groups of the same order, the authors randomly chose

their listing.
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Besides C(4), the Klein 4-group is the only other order four
group known to exist. It is isomorphic to the dihedral group
D(2), but cannot be formed in the same manner as other dihedral

groups.

The Quaternion group of order eight forms a skew field under
addition and multiplication. The group (g4) is defined by:

gé = ( X, Y/ X "4 =1, Y2 =X""2, ¥YX = X""3Y ).

The subgroup of the symmetric group on four letters is
called the alternating group (alt4) on four letters. The number

of elements is four factorial divided by two.

The group s3xz2 is the group formed by a direct product of
the symmetric group on three letters, which is isomorphic to the
dihedral group D(3), and Z2(2), the integers under addition modulo

two.

The semidihedral group sd2z8z2 which is isomorphic to one
semidirect product of Z(8) X Z(2), is defined in the following
manner:

sd2z8z2 = G{ X, Y/ X*"8 =1, Y""2 =1, and ¥YX = (X "3)Y }.

The group sd1z8z2 is isomorphic to a different semidirect
product of 2(8) X 2Z(2). It is defined in the following manner:

sd1z8z2 = G( X, Y/ X*"8 =1, Y*"2 =1, and ¥YX = (X "5)Y }.

The generalized quaternions of order sixteen (g8) are
defined by:

g8 = G{ X, Y/ X""8 =1, ¥ 72 = X""4, ¥X = (X""7)Y ).
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The direct product of the quaternions of orde- eight and the
integers under addition modulo two, that is,

Q(4) X z(2),
group of order sixteen. It is named q4xz2.

is a

The direct product of the dihedral group D(4) and the

integers under addition modulo two, that is, D(4) X 2(2), is
named d4xz2.

The group g4xz4 is isomorphic to a subgroup of the direct

q4xz4 =

product of the quaternions of order eight, and the integers under
addition modulo four, that is, Q(4) X Z(4).

{ X, ¥/ X""4 =1, Y "4

It is defined by:

1, YX (X"°3)Y }.

The group wpd4z4 is isomorphic to a subgroup of the wreath

addition modulo four.
wpd4z4

product of the dihedral group D(4) and the integers under

It is defined in the following manner:
{ X, ¥, 2/ X""4 =1, Y "2 1 "2 =1,
ZYZ(X""2)Y = 1, YXYX " "-1 =

= 'ZA
1, and ZXzZX""-1

= 1).
The group dpd4d4 is isomorphic to a subgroup of the direct
product of the dihedral cgroup D(4) and D(4).
the following manner:

dpd4d4 =

It is defined in
{ X, ¥/ X""4

=1, Y "4
((X*"=1)Y) "2 = 1 }.

=1, (XY)""2 =1,
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The table below gives the run times in seconds for each of

the unknown groups.

GROUP NAME TIME
klein4 .81

q4 4.04
alt4 9.34
s3xz2 26.78
sd2z8z2 122.23
sdlz8z2 69.59
qs8 88.13
qaxz2 188.52
d4xz2 187.59
q4xz4 111.98
wpd4z4 525.62
dpd4d4 163.63
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The following table gives the subgroup structure of the

unknown groups. It does not include the group itself.

GROUP NAME SUBGROUP ORDER TOTAL

1 2 3 4 6 8

klein4 1 3 4

q4 11 3 5

alt4 1l 3 4 1 9

s3xz2 1 7 1 3 3 15
sd2z8z2 1 5 5 3 14
sdlz8z2 1 ) 3 3 10
g8 + 1 5 3 10
géxz2 1 3 7 7 18
d4xz: 1 11 15 7 34
q4axz4 1 3 7 3 14
wpd4z4 1 7 7 7 22
dpd4d4 1 7 9 3 20

Generating the last twelve groups in our System Data Base in
the unknown option completed the formal testing of the systen.
Other tests were performed, such as: generating the dihedral
groups up to order 94; however, this is beyond the scope of this
paper. If the reader wishes to investigate these findings,
please refer to the Air Force Technical Report "A Number-
Theoretic Approach to Subgroups of Dihedral Groups" by the same

authors [4].
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Chapter III

Examples are an indispensable part of a mathematician's
research. Only after a thorough examination of numerous
examples, should a mathematician attempt to formulate their
common properties into a theorem. Then and only then does the

mathematician undertake to prove the theoremn.

An instructor teaching group theory is always searching for
examples to help clarify and justify the explanation of theorems
and definitions, and the student, at any level, always heeds

examples to elucidate the subject at hand.

Another role for an example is its use as a counterexample.
Many apparent theorems or conjectures have been proved wrong by a
simple counterexample. For instance, a well-known theorem states
that every subgroup of an abelian group is a normal subgroup.
However, its converse, if every subgroup of a group is normal,
then the group is abelian, is not true. The quaternion group of
order eight has all subgroups normal but is definitely not
abelian. Thus, by a simple counterexample a possible theorenm is

disproved.

From the above, it is easy to see why examples play such an
important role in the study of group theory. To this end,
Weinstein [5] has written a book devoted entirely to examples in
group theory. His book is quite comprehensive, providing
examples to illustrate various group-theoretical concepts, and

presenting some very important counterexamples.
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In this chapter, the authors develop several examples from
the data generated by the abstract algebra programming system
presented in chapter two. Since, these examples are just the tip
of the iceberg, instructors should u:2 the system to develop more

in-depth ideas and examples.

Isomorphism is a fundamental, but crucial idea of abstract
algebra. The beginning student generally finds the concept of
isomorphism difficult at best. To strengthen their understanding
of isomorphism, an instructor may wish to have students develop
both an example and a counterexample. An exercise given to a
student using this program might be to generate Z(5)xz(2) and
determine if an isomorphic mapping is possible with C(10). Also,
using the data that already exists, a student could demonstrate

why g8 and sdl1z8z2 or g4xz4 and sd2z8z2 are not isomorphic.

Another concept that could possibly be reinforced by this
system is coset theory. As an exercise, a student could be asked
to pick any of the order sixteen groups, determine a right coset,
and then prove that it is also a left coset. This exercise
requires a host of activities that this system can perform, such

as developing all the elements and subgroups of a group.

The idea of cosets leads naturally to the notion of a factor

group. Fraleigh [1) defines a factor group in the following way:

If N is a normal subgroup of a group G, the group cosets of

N under the induced operation is the factor group of G modulo N,
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and is denoted G/N. The cosets are the residue classes of G

modulo N.

An easy exercise to assign a student would be to find the
normal subgroups of a group. A team project might be to develop
the programs to print out the normal subgroups of the groups in
the System Data Base (this requires only three short modules of

fifty to sixty lines each [6]) .

A fourth example for the use of this program in the
classroom are the Sylow Theorems. One must remember that the
Sylow Theorems deal with finite groups. The first Sylow Theorem
states that for any prime dividing the order of the group there
exist a subgroup of that order. Since we have a data base of
forty non-isomorphic groups it would be an easy task for the
student to find the subgroups that have a prime order. Then
using the third Sylow Theorem, show how many Sylow p-subgroups

exist of that order.

Finally, given this programming system, a student might well
venture out into the realms of finite group theory and discover a
host of interesting topics. Hopefully he will ask questions of
his instructor and start down the long road of self-study that

leads to mathematical maturity.
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DIHEDRAL GROUP D(3)

The ELEMENTS are the following:

e0 is the identity element

el = (1 2 3)
e2 = (2 3)
ed = (13 2)
e4 = (1.3)
e5 = (1 2)

The subgroups are the following:

S0

is the null subgroup
S1 = { e0 e2 }
S2 = { e0 e4 }
S3 = { e0 e5 }
S4 = { e0 el e3 )}
S5 = { e0 el e2 e3 e4 el }
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DIHEDRAL GROUP D(4)

The ELEMENTS are the following:

e0 is the identity element

el
el
el
e4
e5
eb
e’

e e e e e e

AR = = DN —

b 01D AN

3 4)
Y1 4)
YO 1 3)
3 2)
)
)
)

(1 2)

The subgroups are the following:

S0
S1
S2
S3
S4
S5
S6
s7
S8
S9

is the

L W e W e W W W e W N ]

el
el
el
el
el
e
el
eQ
el

null subgroup

e2 )

el }

e5 1}

e6 }

e7 }

el e3 e4 }

e2 e3 e7 }

el e5 e6 }

el e2 e3 e4 e5 e6 e7 }
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DIHEDRAL GROUP D(5)

The ELEMENTS are the following:

e0 is the identity element
el
e2
e3
e4
e5
eb
e7
e8
e9

oW oHowon NN RN
~ o e m~—~
B D G R e e O
NG O >N

The subgroups are the following:

SO is the null subgroup

S1 = { e0 e2 }

S2 = { e0 e6 }

83 = ( eQ e7 }

S4 = { e0 e8 }

S5 = { e0 e9 }

S6 = ( e0 el e3 e4 e5 }

S7T = { e0 el e2 e3 e4 e5 e6 e7 e8 ef }

39




DIHEDRAL GROUP D(6)

The ELEMENTS are the following:

e0
el
e2
ed
e4
eS
eb
e7
e8
e9
el
ell

e the identity element
345 6 )

[T T (T IO (O T O I
-~ —
OB OO D
R X " e

-

non
—~ o~
» b
[¢ B4 )

The subgroups are the following:

S0 i3 the null subgroup

Sl = { e0 e2 )

82 = { e0 e4 )}

83 = { e0 e7 )}

S4 = ( eQ e8 }

S5 = {( e0 €9 )

s6 = { @0 el0 }

S7 = ( e0 ell }

S8 = { e0 e3 e5 }

S9 = ( e0 e2 e4 ell )}

S10 = { e0 e4 e7 el0 }

Sl = { e0 e4 eB8 e9 }

812 = { e0 el e3 e4 e5 e6 }
S13 = ( e0 @2 e3 e5 eS8 el0 }
814 = { e0 e3 e5 e7 e8 ell }
S16 = { e0 el e2 e3 e4 e5 e6 e7 ef8 e9 elO ell }
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DIHEDRAL GROUP D(7)

The ELEMENTS are the following:

e0 is the identity element
el 345 67
e2 3 6
el
e4
eS
eb
e”7
e8
e9
el
ell
el?2
elld

”~~
S’
K
St

oo oo uu
Lo T e N e T e S P N P N )
B G e g
OO0 N
[ R N I

bl o B R SRS BN g

Nt Nt Nt St e,
[ SIS ]
A -

~
i AN S AR N W IR

H  un
o oW
. X'
P TV o S
o
C N6 ¥ s )
et Nt N

I~ e

The subgroups are the following:

S0 is the null subgroup

S1 = { e0 e2 }

S2 = ( e0 eB8 )}

S3 = { e0 e9 }

S4 = { e0 10 }

S8 = { e0 ell }

S6 = { e0 el2 }

S7 = ( e0 el3 )

S8 = { e0 el e3 e4 e5 e6 e7 }

S9 = { e0 el e2 e3 e4 e5 e6 e7 e8 e9 el0 ell el2 el3 }
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DIHEDRAL GROUP D(8)

The ELEMENTS are the following:

e0 is the identity element

el = (1 23456 78)

e2 = (4 5 )( 3 6)XC27T)HX(18)
el = (2 468 )(136871T)

e4 = (1. 47T 2583 6)

e5 = (48 )(37T)(26)(1°8)
e6 = (1 63 85 27 4)

e7 = ( 2 86 4 )( 1785 3)

e8 = (1 87 665 43 2)

e9 = (3 5)(26)(17T)

el0 = (46 )(3 7T )(28)

ell = (78)(3 4)(28)(186)
el2 = (56 )X( 4 7T)X(3I8)HX(C12)
el3 = (68 )(24)C185)

eld = (57 )(48)(13)

el = (6 7)X(58)(23)(14)
The subgrocups are the following:
SO0 i= the null subgroup

S1 = ( e0 e2 }

S2 = {( e0 e$5 }

S3 = { e0 e9 )}

S4 = { e0 el10 }

S5 = { e0 ell )}

S6 = {( e0 el2 }

S7 = { e0 el3 }

S8 = {( e0 eld }

S8 = { e0 elB8 ) -
S10 = { e0 e3 e5 e7 }

S11 = ( @0 e2 e5 el5 }

S12 = { e0 e5 e9 elq )}

S13 = ( e0 e5 el0 el3 }

S14 = { @0 e5 ell el2 }

S15 = { e0 el e3 e4 €5 e6 e7 e8 }
S16 = ( e0 e2 3 @5 e7 ell @l2 el5 }
S17 = ( e0 @3 e5 e7 e9 el0 el3 el4 )}
S18 = { e0 el e2 el e4 e5 e6 @7 e8 e9 @l0 ell el2 @l3 el4
el )
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CYCLIC GROUP C(3)

The ELEMENTS are the following:
e0 is the identity element

el = (12 3)
e2 = (13 2)

The subgroups are the following:

S0 is the null subgroup
S1 = { e0 el e2 }
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CYCLIC GROUP C(4)

The ELEMENTS are the following:

el
el
e?2
el

The gsubgroups are the following:

is the identity element
= (123 4)

= (24)013)

= (143 2)

SO0 is the null subgroup

s1

2 { e0 e2 }

82 = { e0 el e2 e3 }
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CYCLIC GROUP C(S

The ELEMENTS are

e0 is the identi
el = (1 2 3 465
e2 = (1 35 2 4
ed = (1 4268 3
e4 = (15 4 3 2

The subgroups are the following:

)

the following:

ty element
)

)

)

)

SO is the null subgroup
S1 = { e0 el e2 e3 e4 )}
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CYCLIC GROUP C(6)

The ELEMENTS are the following:

el
el
e?2
e
e4
eS

The subgroups are the following:

SO
sl
s2
S3

is the identity element
= (123 4656)

= (246)(1365)

= (3 6)(25)(14)
= (2.6 4)(16583)

= (165 43 2)

(98
(]
[
o
L]

null subgroup

{ e0 e3 }

{ e0 e2 e4 )

{ e0 el e2 e3 e4 e5 }
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CYCLIC GROUP C(T)

The ELEMENTS are the following:

lement
)

e0 is the identity
el 1
e2
e3
e4
e5
eb

nouonononu
OO AN
DI OG
(GRS I e R B

e
”
6
5
4
3
2

e N e N e e B e B e
e
(RS B Ne AN
COIN O
e e Nt st

The sgubgroups are the following:

SO0 ig the null subgroup
S1 = {( e0 el e2 e3 e4 e5 ef6 }




CYCLIC GROUP? C(8)

The ELEMENTS are the following:

e
el
e?
el
e4
e5
eb
e7

i
=
2

~ e~ o~~~
=B = B D)
DD b
LOLIv-IOo

3 the ldentity element

3456 78)
8)(1357)
258

(3 7))
5 2
)1 75 3)
S 43 2)

N~
DO

o > ®

The subgroups are the following:

S0
S1
S2
S3

[os
[}
ct
o g
@

{ e0
{ e0
{ e0

null subgroup

e4 )

e2 e4 eb }

el e2 e3 e4 e5 e6 e7 }

)
6 Y(15)
)
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CYCLIC GROUP C(9)

The ELEMENTS are the following:

e0 is the identity element

el = (12345678269 )
e2 = (1 3579246 8)
ed = (36 9)(268)2(1417)
e4 = (159 48237 26)
eSS = (16 273849 5)
e6 = (3 986)(2851)(174)
e7 = (186 429765 3)
e8 = (198766543 2)

The subgroups are the following:

SO ig the null subgroup
S1 { e0 e3 eb )}
s2 { e0 el e2 e3 e4 e5 e6 e7 e8 }
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CYCLIC GROUP C(10)

The ELEMENTS are the following:

e0 1s the identity element

el = (12345677889 10)

e2 = (2468 10)(136867898)

e3 = (1 47103 66 2528)

e4 = (26 1048)(15937)

e5 = (510)(49)(38)C27)C1¢6)
e6 = (28 4106)(173985)

e7T = (185 29631074)

e8 = (21086 4)(19753)

e9 = (1109876543 2)

The subgroups are the following:

SO0 ig the null subgroup

S1 = { e0 e5 }

S2 = { e0 e2 e4 e6 e8 }

S3 = { e0 el e2 e3 e4 e5 e6 e7 e8 e9 }
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CYCLIC GROUP C(1l1)

The ELEMENTS are the following:

e0 is the identity element

el = (1234561789 1011)
e2 = (135791124628 10)
e3 = (1471026581136 898)
e4 = ( }.59 26103711 4 8)
e5 = (16115 10493827)
e6 = (172839 4105116)
e?7 = (184117310629 35)
e8 = (196311862107 4)
e9 = (11086 4211978 3)

el0 = (1111098766543 2)

The subgroups are the following:

SO0 is the null subgroup
S1 = { e0 el e2 e3 e4 e5 e6 e7 e8 eO el0 }
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CYCLIC GROUP C(12)

The ELEMENTS are the following:

e0 i8 the identity element

el = (1234567891011 12)

e2 = (2 468 1012 )(1357911)

el = (369 12)(25811)>(147 10)

e4d = (4812 )X( 3 711 )( 26 10)( 165 9)
e5 = (16 11 49 27 125 10 3 8)

e6 = (6 12)(511)( 410)C39)(28)12(0117)
e?7 = (183 105 127 2 9 411 6 )

e8 = (4128 )(3 11 7)C2106 )19 5)
e9 = (312 96 )( 211 85 )(1 107 4)
el0 = (2121086 4)(111 9753)

ell = (112 11 10 9 87 6 5 43 2)

The gubgroups are the following:‘

S0 is2 the null subgroup

S1 = ( e0 e6 }

S2 = ( e0 e4 e8 }

83 = { e0 e3 e6 e9 }

S4 = { e0 e2 e4 e6 e8 el0 }

S5 = ( e0 el e2 e3 €4 e5 e6 e7 e8 e9 el0 ell }
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CYCLIC GROUP C(13)

The ELEMENTS are the following:

e0 is the identity element

el = (12345671789 101 12 13 )
e2 = (1357911132 4628 10 12)
ed3 = (1471013 36 9 12 258 11 )
e4 = (.59 13 48 123 711 2 6 10)
e5 = (1611 38138102712 49)
e6 = (1713 6 12 511 4 10 3 9 2 8 )
e7 = (1826310411 8 12 6 13 7))
e8 = (198 41272105 138311 6)
e9 = (1106 211 7 3 12 8 4 13 9 8 )
el0 = (1118521296313 107 4)
ell = (112 108 6 4 21311 975 3)
el2 = (113 12 11 10 9 8 7 6 5 43 2)

The subgroups are the following:

SO is the null subgroup
Sl = { e0 el e2 e3 @4 eSS e6 e7 e8 e9 el0 ell el2 }
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CYCLIC GROUP C(14)

The ELEMENTS are the following:

e0 is the identity element

el = (123 456789 1011 12 13 14 )

e2 = (2 468 1012 14 )( 1 3857911 13 )
e3 = (1471013 2 5811 14 3 6 9 12 )

e4 = (2.6 10 14 4812 )(15 9133 1711)
e5 = (1611 2 7 12 3 8 13 4 9 14 5 10)

e6 = (28 146 12 4 10 )(1 7T 13 511 3 8)
e7 = (7 14 )( 6 13 )(512)( 411 )3 10)C298)(18)
e8 = (210 4 12 6 148 )(19 3115 13 7))
e9 = (1105 149 4 1383127 2116 )

el0 = (212 8 414106 )( 111 73 13 9 5 )
ell = (112963 1411 85 2 13 107 4)
el2 = (2 14 12 10 86 4)¢( 11311 9876585 23)
el3 = (114 13 12 11 109 87 65 43 2)

The subgroups are the following:

S0 is the null subgroup

S1 = { e0 e7 }

S2 = { e0 e2 e4 e6 e8 el0 el2 }

S3 = ( e0 el e2 e3 e4 e5 e6 7 e8 @S el0 ell el2 el3 )
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CYCLIC GROUP C(15)

The ELEMENTS are the following:

e0 is the identity element

el = (1 23 456789 1011 12 13 14 15 )

e2 = (1 3 57911 1315 2 4 6 8 10 12 14 )

e3 = (369 12 15)( 285811 14 )14 710 13)

e4 = (15913261014 3 7 11 15 4 8 12 )

e5 = (510185)( 4914 )(3813)C2712)(16 11)
e6 = (39156 12)(28 145 11 )C1 7 13 4 10 )

e7T = (1815 7 14 6 13512 411 3 10 29 )

e8 = (19 210311 412 5 13 6 14 7 18 8 )

e9 = (3126 159 )( 211 514 8 )( 1 10 4 13 7))

el0 = (515 10)( 4 149 )3 13 8)(2127T)(111l 6)
ell = (1128 41511 73 14 10 6 2 13 98 58 )

el2 = (3 151296 )(2 1411 8565)(113 107 4)

el3 = (114 12 1086 4 21513 119 7 5 3)

eld = (1 15 14 13 12 11 10 9 8 765 43 2)

The subgroups are the following:

SO is the null subgroup

Sl1 = { e0 e5 el0 }

S2 = { e0 e3 e6 e9 el2 )}

S3 = ( e0 el e2 e3 e4 e5 e6 e7 e8 a9 el0 ell el2Z el3 eld }
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CYCLIC GROUP C(16)

The ELEMENTS are the following:

e0 is the identity element

el = (1 23 456789 1011 12 13 14 15 18 )

e2 = (2 468 10 12 14 16 )( 1 3 57 9 11 13 15 )

e3 = (1 47 10 13 16 3 6 9 12 15 2 5 8 11 14 )

e4 = ( 4.8 12 16 (3 7 11 1S )( 2 6 10 14 )(C 1 8 9 13 )
e5 = (1611 16 5 10 15 4 9 14 3 8 13 2 7 12 )

e6 = ( 2 8 14 4 10 16 6 12 )( 1 7 13 3 ¢ 15 % 11

e7T = (1815 6 13 411 2 9 16 7 14 5 12 3 10 )

e8 = (816 )( 7 15 )( 6 14 )( 5 13 )( 4 12 )( 3 11 )( 2 10)(C 1 98 )
e9 = (110 3 12 5 14 7 16 9 2 11 4 13 6 18 8 )

el0 = (212 6 16 10 4 14 8 )( 111 5 18 9 3 13 7 )

ell = (1127 2 1383 14 9 4 15 10 5 16 11 6 )

el2 = ( 416 12 8)( 315 11 7T )( 214106 )C1 13 9 5)
el3 = (11411 85 215 12 9 6 3 16 13 10 7 4 )

eld = ( 2 16 14 12 10 86 4 )(1 15 1311 9 78 3)

el5 = (1 16 15 14 13 12 11 10 8 87 6 5 43 2)

The subgroups are the following:

SO0 is the null subgroup

S1 = { e0 e8 }

S2 = { e0 e4 e8 el2 }

S3 = ( @0 e2 e4 e6 e8 el0 el2 el4 }

S4 = { e0 el e2 e3 e4 e5 e6 o7 e8 eO el0 ell el2 el3 el4d
el8 )}

56




ABELIAN GROUP (a4xa2)

The ELEMENTS are the following:

el
el
el
el
e4
es
eb
e7

ig the identity element
= (123 4)

= (5% 6)

= (24)013)

= (143 2)

= (56)(1234)

= (56)(24)(13)
= (56 )(1432)

The aubgroups are the follcowing:

S0
S1
S2
S3
S4
S5
S6
s7

iz the null gubgroup
eQ e2 }
e0 e3 }
e) eb6 )}
e0 el e3 e4 )
e0 el e5 e7 }
e0 e2 e3 e6 )}
e0 el e2 e3 e

e N e N Wan W an Wan

4 e5 @6 e7 }
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ABELIAN GROUP (a2a2a2)

The ELEMENTS are the following:

e0 is the identity element
el = (1 2)

e2 = (3 4 )

el = ( 5.6)

ed = (3 4)(C1 2)

e5 = (56 )( 1 2)

e6 = (56 )( 3 4)

e7 = (56)(3 4)X(1 2)

The subgroups are the following:

SO0 is2 the null gubgroup

S1 = ( e0 el }

S2 = { e0 e2 }

S3 = { e0 e3 )}

S4 = { el o4 }

S5 = { e0 e5 }

S6 = { @0 e6 )

S7 = { e0 o7 }

S8 = { @0 el e2 e4 )}
S9 = { e0 el e3 e5 }
S10 = { e0 e2 e3 8 }
S11 = { e0 e2 e5 e7 }
S12 = { e0 e3 e4 e7 }
S13 = { e0 e4 @5 e6 }
S14 = { e0 el e6 e7 )}
S15 = { e0 el e2 e3 e4 eS e6 e7 )
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ABELIAN GROUP (a3xal)

The ELEMENTS are the following:

e0 1s the identity element

el
e2
el
e4
e5
e8
e?7
e8

e e e la kel el e

LI N e

BN WD

QOO NVDO W

)

-t et el Nt N N

— gt
WL
[N S E
— e

The subgroups are the following:

S0
Sl
s2
S3
S
S5

null subgroup

el
e2
eS
eb
el

el
e4
e8
e”7
e?2

}
}
}
}
el a4 e5 e6 e7 e8 }

59




ABELIAN GROUP

(a6xa?2)

The ELEMENTS are the following:

el
el
e2
el
e4
eb
e6
e7
e8
e
el0
ell

H 0o u w00 nn e

QLT 0GR
PDOOOOT P @D

3465 6)

s the identity element

The subgroups are the following:

S0
S1
52
S3
S4
S8
S6
S7
s8
S9

8
2]
cr
o
[ ]

I N e e e Kanan I

D OO0 OODDHD
[l eNeNeNoNoNoNo N/

null subgroup
e2 }
e4 )}
e9 }

el
el
el
ed
e2
el

e5
e4
el
e5
el
e2

}

e9
e4
e7
@5
ed

}

e5
e9
e8
e4

e )

ell )}

el0 }

e5 e6 e7 e8 9 el0 ell }
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ABELIAN GROUP (a2x8)

The ELEMENTS are the following:

e0 is the identity element

el = (12346566 728)

e2 = (9 10)

e3 = (2468)(13687)

e4 = (1.4725836)

e5 = (48)(37)C26)(1°85)

e6 = (163 865274)

e7 = (286 4)(17T653)

e8 = (187665 43 2)

e9 = (9 10)( 123 465678)

el0 = ( 910)( 2 468)(1357)
ell = (9 10)( 14726583 6)
el2 = (9 10)( 48)(37)(26)(15)
el3 = (9 10)(163865274)
el4d = (9 10)( 286 4)(1753)
el5 = (9 10)( 187665 432)

The aubgroups are the following:

SO0 i3 the null gubgroup

Sl = { e0 e2 }

S2 = { e0 e5 )}

§S3 = ( e0 el2 )

S4 = {( e0 e3 e5 e7 )}

S5 = ( e0 e5 el0 el4d )

S6 = ( e0 e2 e5 el2 }

ST = ( @0 el e3 e4 e5 e6 @7 e8 }

S8 = { e0 e3 e5 e7 e9 ell el3 el5 }
S9 = { @0 e2 e3 e85 e7 el el2 el4 }

S10 = { e0 el e2 o3 e4 e5 e6 e7 e8 e9 el0 ell el2 eld el4
els }




ABELIAN GROUP (adx4)

The ELEMENTS are the following:

e0 is the identity element

el = (123 4)

e2 = (56 7 8)

ed = (2 4)(13)

e4 = (143 2)

e5 = ( 6 8 )( 8% 7))

e6 = (587 6 )

e?7 = (56 7T 8)(12 3 4)

e8 = (6 8)( 5 7T)(1234)
e9 = (887 6)(1234)

el0 = (56 78)(24)13)
ell = (6 8)(57T)(24)(C13)
el2 = (5876 )(24)C13)
el3 = (56 7T8)(1432)
el4 = (68 )85 T)HX(1 43 2)
el = (5 876 )(1 43 2)

The subgroups are the following:

S0 iz the null subgroup

81 = { e0 e3 }

82 = { e0 e5 }

S3 = { e0 ell 1}

S4 = { e0 el e3 e4 }

S5 = { e0 e2 e5 e6 }

S6 = { e0 e7 ell el5 }

87 = { e0 e3 e8 el4 }

S8 = { e0 e9 ell el3 }

S9 = { e0 e5 el0 el2 } -
S10 = { e0 e3 eS ell }

S11 = { e0 el 3 e4 e5 e8 ell el4d }

S12 = { e0 e2 e3 e5 e6 el10 ell el2 }

S13 = { e0 e3 e5 e7 e9 ell el3 elS )}

S14 = { e0 el e2 e3 e4 e5 e6 a7 e8 e9 el0 ell el2 el3 el4d
el }
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ABELIAN GROUP (a2x2x

4)

The ELEMENTS are the following:

e0 is the 1ldentity element

el
e2
el
e4
e
e
e7
e8
e9
el0
ell
el?
eld
elsd
el

E [N [T A (| A | A | S | I 1}

n o n g

e T T e T N T e N B S

N U W~
[o 10 3o Y s o 0 s B0 BT ]

OO,
oo ooo

)
)
7 8)
)5 7))
7 6)
Y1 2)
7T8)C1
Y5 7))«
7T 6 )(1
8 )
(5
6
8
(5
6 )

)
)

Q- aI—- 2
~ =~~~

2)
1 2)

(
(3 4)C12)
( :

The subgroups are the following:

S0
S1
s2
S3
S4
S5
S6
s7
S8
s9
S10
g1l
Si2
S13
S14
S15
Si6
S17
S18
S19
520
S21
S22
3523
S24
S25
$26
elsS

i

s

o L U T T (O | O I ¢ A ¢ | I ¢ A O | O T | S (A ]

o N an B an W an W o B o T o W S o )

e e e e e e e e e N e T an e N e e B am)

the

el
el
el
el
el
el
el
e
el
el
el
el
el
el
e0
e0
el
el
el
el
e
el
el
e
e
el

null subgr
el )}

e2 }

e4 }

e6 )

e8 1}

ell }

eld }

el e4 eb5 }
el e2 ef6 }
e4 e7 e9
el e4 eB
e4 elQ el
e4 eld el
e2 e4 ell
e2 e8 el4
e4 e6 el4
e6 e8 ell
el ell el
el el e4
e2 el e4
e2 e4 e7
el e2 e4
e3 e4 efB
e4 eb e7
el e4 e8
el e2 e3

oup

}
} —
2}
5 )
}
}
}
}
4 }
e5 e7 e8 e9 }
e5 el0 ell el2 )}
e9 ell el3 el5 }
eB e8 ell eld )
e6 el3 eld elS )
e9 ell el2 el4 )}
el0 el2 el3 el5 }
e4 e5 eb e7 08 e9 el0 ell el2 eld el4d
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ABELIAN GROUP

(a22x22)

The ELEMENTS are the following:

e0 i8 the identity element

el
el
el
e4
eS
eb
e?
e8
e9
el
ell
el2
eld
el4
elS

PN R e N N e N )

DAIAG DG~
OO DO

LIRS RS BE IR I

)

Nt Nt N Nt N Nt Nt N
Nt et Nt Nl Nt Ny o

ommowomoPdm

Pl e e e R N e

O G v p— =

Ao o

[ IR S SIS

Nt Nt e Nt e

OO OO

The gsubgroups are the following:

SO0 18 the
S1 = { e0
S2 = { e0
S3 = { eO
S4 = ( e0
S5 = { e0
S6 = { e0
S7 = { e0
S8 = ( e0
S = ( e0
S10 = { e0
Sil1 = ( e0
Si2 = { e0
S13 = { e0
S14 = { e?
S15 = { e0
S16 = { e0
S17 = { e0
S18 = ( e0
S19 = { e0
§20 = ({ eQ
S21 = { e0
S22 = { eoO
23 = ( eO
S24 = ( e0
S25 = ( eO
S26 = { e0
S27 = { e0O
§28 = { e0
S29 = ( e0

null subgroup

el
el
el
e4
e5
e6
e7
e8
e9

}

Cd St Nl Nt gt Nt s

}

el0

el

el2
elld
el4
el5

el
el
el
el
e2
el
e2
el
e2
el
el
el
ed
e4

1

}
}
}
}
}

}

e2 e5 }
el e6 )
e4 e7 }
el0 ell }
e3 e8 }
e4 el2 }
e6 e9 )}
e7 elld )
el0 el4d )
ell el5 }

e4
e5
e7
e5

el0 1}
e9 }
ell }
el }
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sS30
S31
S32
S33
834
S35
§S36
sS37
§$38
S39
$40
S41
S42
S43
S44
848
S46
S47
S48
S49
S50
s51
sS52
§53
S54
S55
S66
sS57
S58
SS9
S60
S61
s62
S63
S64
sS65
S66
eld

b o 1 | I (I T (N I | S N T SO (A | B |}

L N e W e N e W e T e N o R e N N e T T e e T e N e e T . T e I N e T e T TR . W B s T T . e B o B 3 e W B T e B ¥

el
el
e0
el
el
e
el
e

,e0

e0
eQ
el
el
el
el
el
el
e
el
el
el
el
el
el
eQ
el
el
e
e
el
el
e
el
eQ
el
el
el

e4
e4
e4
eS
e
e5
e5
e6
e’
e
el
e8
e8
eS
e
el
el
eb
ed
e

el
el
el
el
el

el
el
e2
e2
e2
el
el
e4
eS
el

eb
e8
e9
e6
e7
el0
ell
e?7
e8
e
e8
el0
ell
ell
ell
ell
el2
el2
eld
eld
el4
e2
el
e?2
el
e4
el
e8
ed
el
e4
eb
e4
eS
eS
e
e

ell }
eld }
elS }
e8 }
el2 }
els }
eld }
el }
el 1}
el4d )
e9 }
el?
eld
el3d
el?2
el3
el4
els
el5
eld
el5
el e5 e6 e8 e9 )
e4 e6 &7 el0 ell )}
ed e5 e7 el2 el3 }
e% el0 ell el4 el8

e7 e8 e9 el4 el5 )
e el2 el3 eld el5
e9 el ell el2 el3
e4 e8 el0 el2 el4
e7 e8 ell el3 el5
e e9 ell el2 el5
e7 e9 el0 el13 el4
e5 eS el0 el3 el5
e?7 e9 ell el2 el4d
e6 e8 ell el el4
e7 e8 el0 el2 elS
el e4 e5 ef6 e7 e8

St S Sl gd Mg Ay St g Nyt P

9 el0 ell el2 el3 el4d




UNKNOWN GROUP (klein4)

The ELEMENTS are the tollowing:

e0
el
el
el

y element

The subgroups are the following:

S0
S1
S2
S3
S4

is the null subgroup
{ e0 el }

{ e0 @2 )

{ e0 e3 }

{ e0 el e2 e3 }
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UNKNOWN GROUP (q4)

The ELEMENTS are the following:

e0 is the identity element
el
e2
el
e4d
e5
eb
e’

LU T I T T [
~ s s~~~
DDAV OD
OO0 U®

The subgroups are the following:

SO is the null subgroup

S1 = { e0 e3 }

S2 = { e0 el e3 e4 }

S3 = { e0 e2 e3 e5 }

S4 = { e0 e3 e6 e7 }

S5 = { e0 el e2 e3 e4 e5 e6 e7 }




UNKNOWN GROUP

(alt4)

The ELEMENTS are the following:

eQ
el
e2
ed
e4d
e
eb
e?7
e8
e9
el0
ell

W 0 n N

g the identity element

— s OF DN~ NN
Vb b o b IGILIN

3

)

The subgroups are the following:

S0 is the
S1 = { e0
§2 = { e0
S3 = { e0
54 = { e0
€5 = { e0
86 = ( e0
ST = { el
S8 = ( e0
S9 = { e0

nul
el
e6
e7
el
e2
e8
e
el
el

1 subgroup

}

}

}

e4 }

e5 1}

ell )

el0 }

e6 e7 }

e2 el e4 e5 e6 e7 e8 e9 el0 ell }

68




UNKNOWN GROUP (23xz2)

The ELEMENTS are the following:

el
el
e2
el
e4
e5S
e
e?7
e8
e9
el = (
ell = (

g2 the identity element
3 )

[T I T O TN T R T 1 O d
P e e e e e e
hh.bw»—-p:-.bo-ao—
UIUJUIURO‘GUICAN
~ s S D) N N

N N e~ o~
e
(LR P )
~nNu

5
5

—~ o~
— N

4
4

The subgroups are the following:

SO is the null subgroup

S1 = { e0 e2 }

$2 = { e0 e3 )

S3 = { e0 e5 )}

S4 = ( e0 @6 )

S5 = ( eC e9 }

86 = { e el0 )}

87 = ( eC ell )}

S8 = { e0 el e4 )

89 = { eC e2 e3 e9 }

810 = { e) €3 e5 ell )

Sl11 = { e) el e6 el0 )

S12 = { eC el e2 e4 e5 e6 }
S13 = { e0 el e3 e4 e7 e8 }
S14 = { e0 el e4 a9 el0 ell ?}
S15 = { €0 el e2 @3 e4 e5 e6 e7 e8 ef elO ell }
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UNKNOWN GROUP

(sd2z8z2)

The ELEMENTS are the following:

e
el
e2
el
e4
e
e6
e?7
e8
e
el0
ell
el2
ell
eld
elS

i
=

(
(
(
(
(
(
(
(
(

N e e e )

w» & 0D m D

g2 the identity element

9 16 15 14 13 12 11 10 )( 1 87 65 43 2)

8 12 )(79)(6114)(511)(416)(313)

10 16 14 12 )( 915 13 11 )( 286 4)(1783)

9 14 11 16 13 10 15 12 )( 1 6 3 8 5 2 7 4)

12 16 )( 11 15 )( 10 14 )( 9 13 )( 4 8 )(3

9 12 15 10 13 16 11 14 )( 1 4 7 2 858 3 6)

10 12 14 16 )( 911 13 15 >( 2 468)(135717)

10 11 12 13 14 18 16 )( 1 2 3 4 5617 8)

4 1389 )(310714)(2156 11 )( 1125 16)
158 11 )(3 127 16)( 286 13)C1 145 10)
14 )( 7 11 )(6 16 Y( 5 13 )( 4 10 )( 3 15 )
16 )( 7 13 )( 6 10)( 515 )( 4 12)( 3 9 )( 21
10)(715)(612)(95913(414)(3 11)C 21
9 813 )( 3 14 7 10 )( 211 6 15 )C 116 5 12)
11 815 )( 316 7 12 )( 21369 )(1 105 14 )

The subgroups are the following:

SO
S1
S2
s3
S4
85
S6
s7
s8
s9
S1o0
Sl11
S12
S13
Sil4
el5

[os
[}
ct
= 3
o

P B o N e R e i o e X e o N )

nonn N unn

~ W How N

L W e e Nan N as)

o0 DdDo0o 0000
[eNeoNoNeNeoNeNoNoNo

® oD
O OO0COO

null subgroup

e2 }
e5 )
ell
el2
elld

el e5 e7 )}

}
}
}

e5 e9 eld )
eSS el0 el5 }
e2 e5 el2 }

eS
el
e?2
el
el

ell el3 )

el
el
e5
el

e4
e5
e”7
el

eb
e
e
e4

e6 e7 e8 }

ell el2 eld )}

el0 el4 elB 1}

e5 eB e7 e8 e9 el0 ell el2 el3 el4
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UNKNOWN GROUP (sdl1z8z2)

The ELEMENTS are the following:

e0 is the identity element

el = (916 15 14 13 12 11 10)( 1 8 7 665 43 2)

e2 = (816 )( 711 )(6 14)(8 9 )(412)(3 15)XC 2 10)(C1
e3 = (10 16 14 12 )( 9 15 13 11 )( 286 4 )C17653)

e4 = (9.14 11 16 13 10 15 12 )( 1 6 3 85 27 4)

e5 = (12 16 )( 11 18 )( 10 14 )( 9 13 )( 48)(C37T)(26)(15)
e6 = (9 12 15 10 13 16 11 14 )( 1 47 258 3 6)

e7 = (10 12 14 16 )( 911 13 15)( 2468)>(13877)

e8 = (91011 12 13 14 15 18 )Y( 1 2 3 495 67 8)

e9 = (213 415698 11 )C116 3 1058 12 7 14)

el0 = (298 4116138 15)C1 12 3 145 16 7 10)

ell = (4108 14 )(3 13 79)(2166 12 )(1 11 85 15)

el2 = ( 4148 10)( 3 9 713 )( 2 12 6 16 )( 1 18 5 11 )

el = (211 8698 615 4 13 )(1 147 1285 10 3 16 )

el4 = (215813611 49 )(1107 165 14 3 12 )

el5 = (812 )(718)(6 10)(5 13 7J(C416)(311)(C2 14 )

The gubgroups are the following:

SO is the null subgroup

S1 = { e0 e2 }

S2 = ( e0 e85 }

S3 = ( e0 el5 }

S4 = { e0 e3 e5 e7 )}

S5 = { e0 e5 ell el2 )

S8 = ( e0 e2 e85 el5 }

ST = { e0 el e3 e4 e5 e6 e7 e8 }

S8 = { e0 e3 e5 e7 e9 el0 el3 el4d )}

S9 = ( e0 e2 e3 e5 e7 ell el2 el5 } -

S10 = { e0 el e2 €3 e4 e85 e6 a7 e8 e9 el) ell el2 ell el4
els )
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UNKNOWN GROUP (g8)

The ELEMENTS are the following:

e
el
e2
el
e4
e5
eb
e’
e8
e9
elo0
ell
el2
eld
el4
elS

is the identity element

= (916 15 14 13 12 11 10 )( 1 87T 6 8 423 2)

= (4158 11 }( 316 7 12 )( 29 6 13 )( 11085 14 )
= (10 16 14 12 )( 9 18 13 11 )( 286 4)(17"83)
= (9-14 11 16 13 10 15 12 )( 1 6 3 8 5 2 7 4)

= (12 16 )( 11 15 )( 10 14 )( 9 13 )( 4 8)(37)(26)(185)
= (9 12 15 10 13 16 11 14 )( 1 4 7 2 88 3 6)

= (10 12 14 16 )( 9 11 13 18 )( 2 468 )( 135 77)
= (9 10 11 12 13 14 15 16 )( 1 2 3 456 7" 8)

= (411 8 15 )( 3 12 716 )( 2 13 69 )Y(1 14 8 10)
= (4168 12 )( 39 7 13 )( 2106 14 )(1 115 18)
= (4148 10)(3 157 11 )( 2166 12)( 19 5 13 )
= (412816 )(31379)(214610)>(118%511)
= (4108 14)( 3 11 715)( 212616 )C 113 5 9)
= (498 13)(3107 14)(211615)(1 125 16 )
= (41389 )(3 147 10)( 2156 11 )( 116 5 12 )

The subgroups are the following:

SO
Sl
s2
S3
S4
S5
S6
S7
S8
S9
S10
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el

null subgroup

e5
el
el
eS
el
eS
el
e2
el

}

e5 e9 }

e5 e7 }

el0 el2 }

ell el3d }

elq4 el )}

el e4 e5 e6 e7 28 )}

el e5 e7 e9 el4d el5 }
e5 e7 210 ell el2 el3 )}

{ e0 el e2 @3 e4 e5 e6 e7 e8 e9 el0 ell el2 el3 el4
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UNKNOWN GROUP (q4xz2)

The ELEMENTS are the following:

e0 is the identity element

el
el
el
e4
e5
eb
e?7
e8
e9
el0
ell
el2
elld
eld
el5
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The subgroups are the following:

SO0 is the

S1 = { e0

S2 = { e0

S3 = { e0

S4 = { e0

S5 = ( e0

S6 = { e0

ST = { e0

S8 = { e0

S9 = ( e0

S10 = { e0
S11 = ( e0
S12 = ( e
S13 = ( e0
S14 = { e0
S15 = ( eO
S16 = { e0
S17 = { e0
S18 = ( e0
els 1}

null subgroup

el
e4d
el
el
e2
e4
e4
e4
e4
el
el
el
e
e2
el
e4
el
el

}
}

}
e4
ed
e’
e
el2
eld

e4

el
el
e3
e4
e4
e7
e4
el

e5 }
e6 )}
e8 )
ell }
elS 1}
el4 }
el0 )}
e4 e5 e6 e7 e8 )
e4 e5 e9 el0 ell )}
e4 e6 el0 el2 el5 }
e6 e9 ell eld el4d )
e7 e8 @10 el3 el4d )
e8 ef ell el2 elB )
e5 el2 el3 el4 el8 }
el e4 e5 e6 e7 e8 e9 el0 ell el2 elld el4d
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UNKNOWN GROUP (d4x22)

The ELEMENTS are the following:

e0 i3 the identity element
3 4 )
Y1 4)
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el?2
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els
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S
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subgroups are the following:
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eld }
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el
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el
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e4
e6
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el0
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e4
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e4d
el
e4
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el
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el
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e

e

e
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e4d
e8
e’
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e9 ell eld el4
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e8 el0 el2 el8
e7 el0 eld el4d
e4 e5 e6 e7 e8
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UNKNOWN GROUP (q4xz4)

The ELEMENTS are the following:

e0 is the identity element

el = (716 15 14 Y( 6 13 12 11 )X( 5109 8)( 1 4 3 2)
e2 = (4101316 )( 3 5 12 7 )( 2811114 )( 19 6 15 )
el = (14 16 Y( 11 13 )X( 8 10 )X( 7 1858 )( 6 12 )( B8 96 )( 2 4 )(
e4 = ( 7.14 15 16 )( 6 11 12 13 )Y( 58 8 ¢ 10)X( 123 4)
eS5 = (1016 )( 915 )( 8 14 )Y( 8 7T )( 4 13 )( 3 12 )( 2 11 )¢
e6 = (416 13 10)( 3 7 12 %5 )( 2 1411 8 )( 1 15 6 9 )
eT = (45 13 7)(3 812 14)(29 1118 )(C1 10 86 16 )
e8 = (49 13 15 )( 3 10 12 16 )( 2511 7)( 186 14 )
e9 = (71015 8 )( 516 9 14 )( 2 6 4 12)(1 13 3 11)
el0o = (47 13 5 )( 314 128 )( 215 11 9)( 1 16 6 10 )
ell = (415 13 9)( 3 16 12 10 )( 2 711 8)(1 14 6 8 )
el2 = (48 13 14 )(3 9 1215 ) 2 101116 )( 18 6 7))
eld3 = (1014 )( 8 16 )X(79)(5 18)(C4 11)X(36)(213)(
eld = (4 14 13 8 )( 31512 9 )( 216 11 10)C 17 6 8)
el5 = (7 8 15 10 Y( %5 14 9 16 Y)( 2 12 4 6 )Y( 111 3 13 )
The subgroups are the following:

SO0 is the null subgroup

S1 = { e0 e3 }

S2 = { e0 e5 }

S3 = { e0 el3 }

S4 = { e0 el e3 e4d )

S5 = ( e0 e2 e5 e6 )}

S6 = { e0 e5 e7 el0 }

S7 = { e0 e5 e8 ell }

S8 = { @0 e3 e9 el5 }

S9 = { e0 e5 el2 eld }

S10 = { e0 e3 e5 el3 }

S11 = { e0 el el e4 e5 e9 el3 el5 }

S12 = { e0 e2 e3 e5 e6 el2 el eld )

S13 = { e0 e3 e5 e7 e8 el0 ell el3 }

S14 = ( e0 el e2 e3 e4 e5 e6 e7 e8 e9 el0 ell el2 el3 el4d
elS 1}
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UNKNOWN GROUP (wpd4z4)

The ELEMENTS are the following:

e) is the identity element

el = (13 16 15 14 )( 6 12 10 8 })( 511 8 7)(14232)

e2 = (71211 8)(5 10962214 416 )(C1 13 3 15)

e3 = (713 11 15 )( 5 16 9 14 )( 210 46 )( 183 12 )

e4 = (1416 )( 131538 12)( 711 )(610)(B8598)X(24)(.3)

e5 = (13 14 15 16 )( 6 8 10 12 )( 579 11 )( 123 4)

e6 = (781112 )( 569 10)( 2 16 4 14 )( 1 15 3 13 )

e7 = (715 11 13 )( 5 14 9 16 )( 2 6 4 10)( 1 12 3 8)

e8 = (9 12)(710)(6 11 )(58)(415)(3 14)(213)C 1 16 )

e9 = (1011 )(88)(67T)(8512)( 413 )(316)(215)(1 14)

elo = (11 14 )(C( 9 13 )(C 7 16 )( 5 15 )( 412 )( 3 10)(28)(16)
ell = (11 16)( 8 18 )( 7 14)(813)(48)(36)(212)0110)
el2 = (8 13 12 15 )( 6 16 10 14 )( 2 5 49 )( 111 3 7))

el = (815 12 13 )( 6 14 10 16 )( 29 48 )C17311)

el4 = (12 14 )( 10 13 )( 8 16 )( 6 15)( 4 7)H)(3 S5)(211)YC19)
el5 = (12 16 )( 10 15 )( 8 14 )( 6 13 )( 4 11 )( 3 9)C27)(C165)

The subgroups are the following:

SO ig the null subgroup

S1 = { e0 e4 }

S2 = ( e0 e8 }

S3 = { e0 e9 }

S4 = ( e0 el0 }

SS = ( e0 ell )

S6 = { e0 eld )

S7T = { e0 el5 )

S8 = { e0 el e4 o5 }

S9 = { e0 e2 e4 eb )}

S10 = {"e0 e3 e4 e7 }

S11 = ( e0 e4 el2 el3 }

S12 = { e0 e4 eB8 e9 }

S13 = { e0 e4 el0 ell }

S14 = { e0 e4 eld elS5 )

S15 = { e0 el e2 e4 e5 e6 e8 e9 )

S16 = { e0 el e3 e4 e85 e7 el0 ell }
S17 = { e0 e2 e3 e4 €6 o7 €12 13 )
S18 = ( e0 e2 e4 e6 el0 ell el4 al5 }
S19 = { e0 3 e4 e7 @8 @9 el4d alS }
S20 = { e0 e4 eB8 e9 10 ell el2 el3 }
S21 = { e0 el e4 a8 el2 el3 elq4 el5 }
S22 = ( e0 el e2 @3 e4 e5 e e7 eB8 e9 el0 ell el2 el3 el4
elS )}
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UNKNOWN GROUP

(dpd4d4)

The ELEMENTS are the following:

e0 is the identity element

el = (714 15 16 )(6 11 12 13 )( 5 8¢ 10)X( 123 4)

e2 = (12 16 Y( 9 13 )(C 6 14)C5 11 )Y(C 4 15 )Y(C 3 10 )C 2 7 )(
el = (14 16 Y( 11 13 )X( 8 10)X( 7T 18 )( 6 12 ) 5 8 )(C 2 4 )(
e4 = ( 7.16 15 14 )( 6 13 12 11 )( 5 109 8 )(1 43 2)

e5 = (4813 14 )( 3 15 12 9 )Y( 2 10 11 16 )( 1 7 6 8 )

e6 = (416 13 10 )(C 3 5 12 7 )Y( 2 14 11 8 )( 1 9 6 15 )

e7 = (12 14)( 9 11 )(C 6 16 )( 5 13 )X( 4 7)HX>(38)(215)(1
e8 = (13 15 )Y(C 10 12 )(C 7 11 )( 6 8 )( 4 9 )(3 16 )(C25)C(C1
e9 = (410 1316 )(C 3 7125 )(2811 14)(1 15 6 9 )

el0 = (4 14 13 8 )( 3 9 12158 )Y( 216 11 10 )(C 185 6 7))

ell = (11 15 )(C 8 12 )(C 7 13 )X( 6 10 )C 4 % Y( 3 14 )Y( 2 9 ) (
el2 = ¢ 7 10158 )( 5 16 9 14 Y( 2 6 4 12 )( 1 13 3 11

eld = (1016 )(C 9 15 )( 8 14 )5 7)>X( 4 13 )C3 12 )C 2 11 )(
eld = (7 8 15 10 })( 5 14 9 16 )( 2 12 46 )( 1 11 3 13 )

el = (10 14)( 818 )C 7T 9 )( 5 18 )( 411 )3 6 )2 13 )(
The subgroups are the following:

SO0 is the null subg.oup

S1 = { e0 e2 }

S2 = { e0 e3 1}

€3 = { e0 e7 }

S4 = { e0 e8 }

S5 = { e0 ell }

S6 = { e0 el3 }

87 = { e0 el }

S8 = { e0 el e3 e4 }

€SS = { e0 e5 el0 el3 }

S10 = { e0 e6 e9 el3 }

S11 = { e0 e3 el2 el4 )

S12 = { e0 e2 e3 e7 }

S13 = { e0 e2 e8 el3 }

Sl4 = { e0 3 e8 ell }

S15 = { e0 e2 ell el5 }

S16 = { e0 e3 el3 elS )}

S17 = { e0 el e5 ef e9 el0 ell elS )

S18 = { e0 el e3 e4 el el3 eld el5 }

S19 = { e0 e2 e3 e7 e8 ell elld elB }

S20 = { e0 el e2 e3 e4 e5 e6 e7 e8 e9 el0 ell el2 eld el4

el }
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APPENDIX B

ABSALGMM.C - The main menu for the Abstract Algebra Programming
Systemn.

ABSALGMP.C - This program is the print menu for the Abstract
Algebra Programming Systemn.

ABSALGMG.C - This program is the Group Generation menu for the
Abstract Algebra Programming Systemn.

ABSALGLDG.C - This program produces the generators for dihedral
groups for the Abstract Algebra Programming System.

ABSALGCG.C - This program produces the generators for cyclic
groups for the Abstract Algebra Programming System.

ABSALGAG.C - This program accepts permutations from a user for
the abelian group generation for the Abstract Algebra Programming
Systen.

ABSALGUG.C - This program accepts permutations from a user for
the unknown group generation for the Abstract Algebra Programming
Systemn.

ABSALGIN.C - This program initializes the external arrays.

ABSALGCC.C - Canonical Formatter Program for the Abstract Algebra
Programming System.

ABSALGPO.C - This program prints out the generating elements
produced by the different generating programs - Groupd, Groupc,
Groupa, and Groupg.

ABSALGIF.C - Internal Formatter for the Abstract Algebra
Programming System.

ABSALGFR.C - File read data program for the Abstract Algebra
Programming System.

ABSALGPS.C - Write data to either the printer or screen for the
Abstract Algebra Programming System.

ABSALGOS.C - Orders the subgroup data from lowest order to
highest order for the Abstract Algebra Programming Systemn.

ABSALGDW.C - Dihedral write data program for the Abstract Algebra
Programming System.

ABSALGCW.C - Cyclic write data program for the Abstract Algebra
Programming System.




ABSALGAW.C -~ Abelian write data program for the Abstract Algebra
Programming System.

ABSALGUW.C - Unknown write data program for the Abstract Algebra
Programming System.

ABSALGGD.C - Group Generator Driver Program for the Abstract
Algebra Programming System.

ABSALGAN.C - Basic Permutation Raised to a Power Program for the
Abstract Algebra Programming System.

ABSALGSS.C - Subgroup Sorter Program for the Abstract Algebra
Programming System.

ABSALGAS.C - Adds generated subgroups to the list of subgroups
for the Abstract Algebra Programming System.

ABSALGKG.C - Check Subgroups for Existence Program for the
Abstract Algebra Programming System.

ABSALGAB.C - Multiplier of two permutations for the Abstract
Algebra Programming System.

ABSALGPM.C - (Disjoint) Basic Permutation Multiplier for the
Abstract Algebra Programming System

ABSALGSI.C -~ Singleton Search and Deletion Program for the
Abstract Algebra Program System.

ABSALGKE.C - Element Checker for the Abstract Algebra Programming
System.
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APPENDIX C
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/t
ABSALGMM.C - The main menu for the Abstract Algebra Programning System

This program presents the user with a menu. The program then passes
control to that system.

This program defines the global variables subsets, internal_form.
*/
char subsets([273][203), internal_form[155]);

void group_generation();
void print_menu();

main()

char optionl[2), ch;

do
(
option[0) = '\D’;
clrscr();
printf("\n\n\n\n\n\nin\n*);
printf("X53s", “PERMUTATION PROGRAM MAIN MENU");
printf("\n\n\n");
printf("%49s", “"Option 1 - Group Generation");
printf{*\n\n");
printf("%56s", "Option 2 - Print a Generated Group");
printf(*\n\n"};
printf("%45s", “oOption 3 - Exit Program");
printf(“\n\n\n");
printf("437s", “Enter Option and Press Enter: ");
gets(option);

switch(*option)
(4

case '1':
group_generation();
break;

case '2':
print_menu();

break;

case '3/:
optionf0] = /\0’;

a3




)
while(*option);
clrscr();

b

break;

default:
break;
)
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/t

ABSALGMP.C - This program is the print menu for the Abstract Algebra
programming system.

This presents the user with a Print Menu. The user choses the type of
group they want printed. The program then passes control to that system.

*/

extern char subsets[273]) {2031, internal_form[155];

#inciude “string.h"

void file_read(char elements[)[), char *, char *, char abelian{l, char unknown(]);

void print_menu()
¢

char choicel[3), dihedral [4), cycliclé);
char elements{203) [155], unknown(8], abelian(8];
int i, j, n;

/t

The following while toop will execute as long as choice
does not return a NULL value, i.e. ‘\0’

*/

do

clrser();

printf(*\n\n\n\n\n");

printf("%40s™, “PRINT MENUY);
printf("\n\n\n");

printf("%50s", “Option 1 for DINEDRAL GROUPS");
printf("\n\n");

printf("%48s", “Option 2 for CYCLIC GROUPS");
printf{"\n\n");

printf(“%49s", “Option 3 for ABELIAN GROUPS*):
printf("\n\n");

printf("%49s", “Option 4 for UNKNOWN GROUPS");
printf("\n\n");

printf("%43s", "Option 5 EXIT PROGRAM");

printf{"\n\n\n");
printf("X37s", “Enter Option and press ENTER: ");
gets(choice);
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switch(*choice) /* case statement */
<

case ‘1/:
do
(
clrser();
dihedral [0} = '\0’;
cyclicl0] = /\0/;
abelianlu] = '\0’;
unknown (0] = ‘\0‘;
printf("\n\n\n\n\n\n\n#);
printf("%25s», “DIRECTIONS:");
printf("\n\n\n¥);
printf("%60s", “Enter the number of the Dihedral Group");
printf("\n\n");
printf("iSig", “after the /D’ and press ENTERY);
printf(*\n\n¥);
printf(“%4bés", “To exit just press ENTER");
printf(*\n\n*);
printf(“X24s*, 0 “);
gets(dihedral);
if(*dihedrat)
{
file_read(elements, dihedral, cyclic, abelian, unknown);
)
)
while(*dihedral);
break;

case ‘2':
do
{
clrser();
dihedral [0] = '\0’;
cyclic(0] = /\0’;
abelian{0] = ’\0’;
unknown (0] = ’\0’;
printf{*\n\n\n\n\n\n\n*);
printf("X25s", “DIRECTIONS:%);

printf("\n\n\n");

printf(*X58s%, “Enter the number of the Cyclic Group");
printf("\n\n*):

printf("X51s%, ©after the ’C’ and press ENTER");
printf(*\n\n");

printf("%46s", “To exit just press ENTER");
printf("\nm\n");

printf("X24sn, ®C ¥);

gets(cyclic);
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if(*cyclic)
(<
file_read(elements, dihedral, cyclic, abelian, unknown);
)
)
while(*cyclic);
break;

case '3/:
do
(¢
clrscr();
dihedral (0] = '\0’;
cyclic(0) = *\0’;
asbelian[0) = *\0’;
unknown 0] = '\0’;
printf("\n\mn\n\n\n\n");
printf(¥X25s*, "DIRECTIONS:");
printf(“\n\n\n");
printf("%40s*, "Enter the first seven characters of");
printf(*\n\n");
printf{"X58s", "the Abelian group file name after");
printf("\n\n");
printf("%49s", “the '*/ and press ENTER.");
printf("\n\n");
printf("X50s", “To exit just press ENTER.");
printf{“\n\n");
printf("X27sh, “* u).
gets(abelian);
if(*abelian)
¢
file_read(elements, dihedral, cyclic, abelian, unknown);
)
b
whiie(*abelian);
break;

case ‘4':

do
(
clrser();
dihedral [0} = '\0’;
cyclicf0) = /\0’;
abelianf{0) = /\0/;
unknown (0] = ‘\0’;
printf("\n\n\n\n\n\n\n");
printf(#%25s", “OIRECTIONS:");
printf("\n\n\n");
printf("%60s", "Enter the first seven characters of");
printf(*"\n\n");
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printf("X58s", “the Unknown group file name after");
printf(*\n\n");
printf(uX49s", “the '*’ and press ENTER.");
printf(*\n\n");
printf(¥%X50s8%, “To exit just press ENTER.");
printf(*\n\n¥);
printf(uX27s4, n* ).
gets(unknown);
i f(*unknown)
L4
file_read(elements, dihedral, cyclic, abelian, unknown);
>
M)
while(*unknown);
break;

case '5':
printf(“exit");
choicel0] = ’\0’;

break;
default:
break;
)
>
while(*choice);

b
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/.

ABSALGMG.C - This program is the Group Generation menu for the Abstract
Algebra programming system.

This presents the user with a Menu. The user choses the type of group
they want generated. The program then passes control to that system.

*/

extern char subsets({273] (2031, internal_form{155];
void dihedral_generation(char elements[] (], char *);
void cyclic_generation(char elements(] ], char *);

void unknown_generation(char elements([1(1);
void abelian_generation(char elements({][]);

void group_generation()
<

char choice(3], dihedral[4], cyclic(4], abelian(4];
char elements(203] (155];
inti, j, n;

/t

The following while Loop will execute as long as choice
does not return a NULL value, i.e. ’\0/

*/

do

clrser();
printf(*\n\n\n\n\n");
printf("X45s", "GROUP GENERATION MENU");
printf(*\n\n\n");
printf("X50s", “Option 1 for DIHEDRAL GROUPS");
printf(*\n\n");
- printf("X48s", "Option 2 for CYCLIC GROUPS");
printf("\n\n");
printf(“%9s", “Option 3 for ABELIAN GROUPS");
. printf("\n\n");
printf("X49s", "Option 4 for UNKNOWN GROUPS"):
printf("\n\n");
printf("X43s", “Option 5 EXIT PROGRAM");
printf(*\n\n\n");
printf("X37s%, “Enter Option and press ENTER: ");
gets(choice);
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M

switch(*choice) /* case statement */
L4
case ‘1':
do
(
clrser();

dihedral [0] = ’\0’;
printf("\n\n\min\n\n\n");
printf("%25s%, "DIRECTIONS:");
printf("\n\n\n");
printf(“X60s*, “Enter the number of the Dihedral Group");
printf(*"\n\n");
printf("x51s%, “after the ‘0O’ and press ENTER");
printf(*\n\n");
printf("%46s", "To exit just press ENTER");
printf("\n\n¥);
printf(“x24s", "0 ");
gets(dihedratl);
if(*dihedral)
4
dihedral_generation(elements, dihedral);
>

>
while(*dihedral);
break;

case ‘2/:
do
(<
clrscr();
cyelicl0) = \0’;
printf(*\n\n\n\n\n\n\n");
printf(“%256", “DIRECTIONS:");
printf("\n\n\n");
printf("%58s", “Enter the number of the Cyclic Group");
printf("\n\n");
printf("51s, vafter the 'C’ and press ENTER");
printf("\n\n");
printf(¥X46s", #To exit just press ENTER");
printf(“\n\n");
printf(“%24s", "C ");
gets(cyclic);
if(*eyclic)
{
cyclic_generation(elements, cyclic);
>
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)
while(*choice);
)

while(*cyclic);
break;

case '3/;
abelian_generation(elements);
break;

case '4':
unknown_generation(elements);
break;

case ’'5';
choice[0] = /\0’;

break;

default:
break;
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/-

ABSALGDG.C - This program produces the generators for dihedral groups for
Abstract Algebra Programming System

*/
extern char subsets(273]1([203], internal_form{155];

#include "stdlib.h"
div_t x;

void initialize(char elements(1(1);

void permutation_out(char elements()(1);

void dihedral_fite_write(char elements(]1{l, char *);

void canonical_formatter();

void work_driver(char elements[I[], int *);

void screen_printer_write(char elements[1[], char *, char *, char *, char *);

void dihedral_generation(elements, dihedral)
char elements[203] [155], dihedral [4];

(

char return_char (3], ddummy?(4], ddummy2(8], ddummy3(8];
int i, j, n, m, dihedral_length, dihedral_value, order;
int dmax = 101, amin = 2, left_paren = -1;

initialize(elements);
order = 0;
=0 i1
dihedral_length = strlen(dihedral);
if(dihedral_length 1= 0);
(
clrscr();
sscanf(&dihedral [i], "Xd", 8dihedral_value);
if(dihedral_value > dmin & dihedral_value < dmax)
¢
elements[01 (0] = dihedral_value;
elements[0]1 (1] = /\0’;
x = div(dihedral_value, 2);

/* building the first generator */

internal_form(i] = left_paren;

++i;

while(i <= dihedral _value)
{

internal_form(il = i;
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++i;

)
internal_form{i] = /\0’;
strcpy(elements(jl, internal_form);
internal_form[0) = /\0’;
+j; i=0;
internal_form(i) = left_paren;
++i;

/* building the second generator */

if(x.rem == 0) /* dihedral_value is even */
<
m=1;
n = dihedral_value;
while(m < n)
{
internal_form[il = m;
++i; +4m;
internal_forml[i) = n;
+i; -on;
internal_formli) = left_paren;
++i;
)
--i;
internal_formli) = '\0’;
)
else /* dihedral_value is odd */
4
m=2;
n = dihedral_value;
while(m < n)
{
internal_form(il = m;
++i; ++m;
internal_formlil = n;
++i; --n;
internal_form(i] = left_paren;
i
)}

--i;
internal_formli] = /\0’;
}

canonical_formatter();

strcpy(elements(jl, internal_form);

internal_form[0] = /\0’;

printf("\n\n\nThe DIHEDRAL GROUP GENERATORS are:\n\n");

permutation_out(elements);

order = 3;

work_driver(elements, &order);
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f

dihedral_file_write(elements, dihedral);
clrser();
return_char (0] = /\0’;
printf("\n\n\nTo view the elements and subgroups\n\n");
printf("Enter any alpha-key and press ENTER");
printf("\n\nElse press ENTER to continue\nm\n");
gets(return_char);
if(return_char{0] 1= '\0’)
<
ddummy1(0] = /\0’;
ddummy2(0] = ‘\0’;
ddumy3 (0] = ’\0’;
screen_printer_write(elements, dihedral, ddummy?, ddummy2, ddummy3);

b
)
else
¢
printf("\n\n\nThe entered value of Xd is qither < 3 or > 100",
dihedral_value);
printf(\n\nPress ENTER to continue');
gets(return_char);
)
)
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ABSALGCG.C - This program produces the generators for cyclic groups for
Abstract Algebra Programming System

*/

extern char subsets[273)[203], internal_form[155);

void initialize(char elements{])[]);

void permutation_out(char elements(1[1);

void eyclic_file_write(char elements[]1(], char *);

void canonical_formatter();

void work_driver(char elements(l([], int *);

void screen_printer_write(char elements{)[1, char *, char *, char * char *);

void cyclic_generation(elements, cyclic)
char elements (2031 [155], cyclicfé);

(4

char return_char (2], cdummy?{4), cdummy2i8i, cdummy3(8);
int i, j, n, m, cyclic_length, cyclic_value, order;

int dmax = 101, dmin = 2, left_paren = -1;

initialize(elements);
order = 0;
i=0; j=1;

cyclic_length = strlen(cyclic);
if(cyclic_length 1= 0);
<
clrser();
sscanf(&cyclic[i], "%d", &cyclic_value);
if(cyclic_value > dmin && cyclic_value < dmax)
(4
elements (0] [0 = cyclic_value;
elements[0) [1]) = ’\0’;

/* building the only generator */

internal_form[i) = left_paren;
++i;
while(i <= cyclic_value)
4
internal_form(il = i;
++i;
3}
internal_form(i]l = 7\0’;
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strcpy(elements[jl, internal_form);
internal_form{0] = /\0/;
i=0;
printf(*\n\n\nThe CYCLIC GROUP GENERATOR is:\n\n");
permutation_out(elements);
order = 2;
work_driver(elements, &order);
cyclic_file_write(elements, cyclic);
clrser();
return_char(0] = /\0’;
printf(*\n\n\nTo view the elements and subgroups\n\n");
printf("Enter any alpha-key and press ENTER");
printf(“\n\nElse press ENTER to continue\n\n%);
gets(return_char);
if(return_char(0) 1= ‘\0’)
<
cdummy1[0] = '\0‘;
cdummy?2 (0] = /\0’;
cdummy3 (0] = /\0’;
screen_printer_write(elements, cduwmyl, cyclic, cdummy2, cdummy3);
)

else
<
printf("\n\n\nThe entered value of %d is either < 3 or > 100%,
cyclic_value);
printf(*\n\nPress ENTER to.continue");
gets(return_char);
)
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ASSALGAG.C - This program accepts permutations from a user for the
abelian group generation for the Abstract Algebra Programming System.

*/
extern char subsets([2731[203), internal_form{155]);

void initialize(char elements{i());

int internal_format(char permu_in());

void permutation_out{(char elements(](1);

void check_elements(char elements(l(l, int *, int *);

void work_driver(char elements(l1(]}, int *);

void abelian_file_write(char elements(1(], char abelian_file_name());

void screen_printer_write(char elements([) (), char *, char *, char *, char *);

void abelian_generation(elements)
char elements[203] [155];

{

char permu_in(81), return_char(2}, abelian_file_name(8];
char adummy?1(4], adummy2{4], adummy3(81;

int i, good_bad, order, new_order, element_number;

int number_of_elements_input;

order = 1; new_order = 1;

number_of_elements_input = 7;

initialize(elements);

cirscr();

printf("\n\n");

printf("X25s", “DIRECTIONS:");

printf " \n\n\n");

printf("%67s", “When prompted with a '*/, enter a permutation“);
printf("\n");

printf("%65s", "in cycle notation. Use ’()' as delimiters.");
printf{"\n");

printf("X45s", “Enter only interger values (i) in the range");
printf("\n");

printf("X65s*, "0 < i < 128. Place & space between each i, ");
printf("\n");

printf("%61s", “For Example: (1 34 5)(23 127 2).");
printf("\n\n");

printf("%67s", “A PERMUTATION MAY ONLY BE 80 CHARACTERS LONG.");
printf("\n");

printf(1%69s", "NOTE: A GROUP MAY HAVE A TOTAL OF 128 ELEME.TS.");
printf("\n\n");

printf("X67s", "Press ENTER when the permutation is complete.");
printf('"\n");

printf("X65s", “To end entry press ENTER with a null input.");
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printf(*\n\n¥);

putch(’/*?);
gets(permu_in);
{=0;
while(*permu_in)
L4
i f(number_of _elements_input 1= 0)
4
if(permu_in(il == (')
<
good_bad = internal_format{persu_in);
if(good_bad)
<
check_elements(elements, &new_order, &element_number);
if(order = new_order)
<
--number_of_elements_input;
order = new_order;
clrscr();
}
else
<
printf(“\n\n");
printf(¥X69s", “The above permutatior has already been en
tered.*);
printf("\n\n");
printf("X62s%, "Press ENTER to reenter your permutation."
);
gets(return_char);
b
>
b
else
<
printf("\n\n");
printf("43s%, "The first element of entry must be a '(’.");
printf("\n\~");
printf("x62s", "Press ENTER to reenter your permutation.");
gets(return_char);
)
clrser();

printf("This is the canonical form ¥);
printf(¥of the permutations you entered\n");
permutation_out(elements); T
if(number_of_elerents_input (= 0)

<

printf("\n%); r

printf("X25s", “DIRECTIONS:");

printf("\n\n");

printf("X67s", "When prompted with a '*/, enter a permutation®);
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printf( \n");
printf(*X65s%, “in cycle notation. Use ’()’ as delimiters.");
printf("\n");
printf(“X45s", “Enter only interger values (i) in the range");
printf(*\n");
printf("X85s®, "0 < § < 128. Place a space between each i,");
printf("\n%);
printf("X61s*, "For Example: (1 34 5)(23 127 2).");
printf("\n\n%);
printf(“X47s*, “A PERMUTATION MAY ONLY BE 80 CHARACTERS LONG.");
printf("\n¥);
printf("X69s%, “NOTE: A GROUP MAY HAVE A TOTAL OF 128 ELEMENTS.");
printf("\n\n%);
printf("X67s", “Press ENTER when the permutation is complete.");
printf("\nv);
printf("X65s", “To end entry press ENTER with a null input.®);
printf("\n\n");
putch(’'*’);
gets(permu_in);
)

else
{
printf("\n\n");
printf("X65s", "You have entered the max number of permutations.!);
printf("\n\n");
printf("X53s", “Press ENTER to generated the group. ");
gets(return_char);
permu_in[0) = /\0’;
>

else
<
printf("\n\n");
printf("%67s", "You may only enter & total of 7 permutations.");
printf(*\n\n");
printf("%62s", "Press ENTER for the program to continue.");
gets(return_char);
permu_in{0] = '\0’;
)
b
if(number_of_elements_input < 7)
¢
work_driver(elements, &order);
clrscr();
printf("\n\n\n\n\n");
printf("At the *, please enter up to seven (7) characters for a filename.\n\n");
printf("NOTE: DO NOT ENTER THE PERIOD AND THREE CHARACTER EXTENSION.\n\n");
printf("%ZSs", ne "y,
gets(abelian_file_name);
abelian_file_write(elements, abelian_file_name);
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clrscr();
return_charf0) = ’\0’;
printf("\n\n\nTo view the elements and subgroups\n\n");
printf(“Enter any alpha-key and press ENTER");
printf("\n\nElse press ENTER to continue\n\n");
gets(return_char);
if(return_char{0] = ‘\0’)
<
adummy1{0) = /\0';
adummy2 (0] = /\0’;
adummy3 (0] = ’\0’;
screen_printer_write(elements, adummyl, adummy2, abelian_file_name, adummy3);
)
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/l

ABSALGUG.C - This program accepts permutations from a user “or the
unknown group generation for the Abstract Algebra Programming System.

*
extern char subsets[273) [203], internal_form[155];

void initialize(char elements{)([]);

int internal_format(char permu_in{]);

void permutation_out(char etements{1(});

void check_elements(char elements(1{), int *, int *);

void work_driver(char elements[)[], int *);

void unknown_file_write(char etements(] (1, char unknown_file_name());

void screen_printer_write(char elements{1{), char *, char *, char *, char *);

void unknown_generation(elements)
char elements{203] [155];

(¢

char permu_in[81], return_char(2], unknown_file_name[8);
char udummy1([4], udumy2[4), udummy3(8);

int i, good_bad, order, new_order, element_number;

int number_of_elements_input;

order = 1; new_order = 1;

number_of_elements_input = 7;

initialize(elements);

clrscr();

printf("\n\n");

printf("%25s", “DIRECTIONS:");

printf("\n\n\n");

printf(¥%67s", "When prompted with a '*',6 enter a permutation");
printf("\n");

printf("%65s", "in cycle notation. Use ()’ as delimiters.");
printf("\n");

printf(*%65s", “Enter only interger values (i) in the range");
printf("\n");

printf("%65s", "0 < i < 128. Place a space between each i,");
printf("\n");

printf("X61s", “For Example: (1 34 5)(23 127 2).%);
printf(*\n\n");

printf("%67s", “A PERMUTATION MAY ONLY BE 80 CHARACTERS LONG.");
printf("\n");

printf("X69s", "NOTE: A GROUP MAY HAVE A TOTAL OF 128 ELEMENTS.");
printf{"\n\n");

printf("X67s", "Press ENTER when the permutation is complete.");
printf(*\n");

printf("X65s", “To end entry press ENTER with a null input.”);
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printf("\n\n");

putch('*’);
gets(permu_in);
i=0;
while(*permu_in)
(
if(number_of_elements_input 1= 0)
L4
if(permu_inti] == /(')
{
good_bad = internal_format(permu_in);
if(good_bad)
14
check_elements(elements, &new_order, &element_number);
if(order {= new_order)
<
--number_of_elements_input;
order = new_order;
elrscr();
)
else
<
printf("\n\n");
printf("%59s%, “"The above permutation has already been en
tered.");
printf("\n\n");
printf("%62s", “Press ENTER to reenter your permutation."
bH
gets(return_char);
)
b
)
else
L8
printf{"\mn");
printf("63s", “The first element of entry must be a '(’'.");
printf("\n\n");
printf("::62s", “Press ENTER to reenter your permutation.");
gets(return_char);
2
clrscr();

printf("This is the canonical form *);
printf("of the permutations you entered\n");
permutation_out(elements);
if(number_of_elements_input I= 0)
{
printf(*\n");
printf("%25s", “"DIRECTIONS:");
printf("\n\n");
printf(“"%67s", "When prompted with a ‘*’, enter a permutation");
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printf(*\n");

printf("%45s%, “in cycle notation. Use ’()’ as delimiters.");

printf{*\n»);

printf("X65s", “Enter only interger values (i) in the range");

printf("\n¥);

printf("%65s", "0 < i < 128. Place a space between each i,");

printf("\n");

printf(*%61s", “For Example: (1 34 5)(23 127 2).");

printf("\n\n");

printf("%67s%, “A PERMUTATION MAY ONLY BE 80 CHARACTERS LONG.");
. printf("\n%);

printf("X69s”, “NOTE: A GROUP NAY HAVE A TOTAL OF 128 ELEMENTS.");

printf("\n\n");

printf("X67s", “Press ENTER when the permutation is complete.');

printf(*\n");

printf("X55s", “To end entry press ENTER with a null input.");

printf(*\n\n");

putch(’*/);

gets({permu_in);

)

else

(¢

printf("\n\n");

printf("%65s", "You have entered the max number of permutations.®);

printf("\n\n");

printf("%53s", “Press ENTER to genereted the group. ");

gets(return_char);

perms_in{0) = ’\0’/;

)

else
{
printf("\n\n");
printf("X67s", "“You may only enter a total of 7 permutations.");
printf{"\n\n");
printf("%62s", “pPress ENTER for the program to continue.");
gets(return_char);
permu_in([0) = '\0’;
)
)
. if(number_of_elements_input < 7)
4
work_driver(elements, &order);
clrscr();
printf("\n\n\n\n\n");
printf("At the *, please enter up to seven (7) characters for a filename.\n\n");
printf(“NOTE: DO NOT ENTER THE PERIOD AND THREE CHARACTER EXTENSION.\n\n");
printf("X25s", v n).
gets(unknown_file_name);
unknown_file_write(elements, unknown_file_name);
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clrser();

return_char[0] = '\0/;

printf("\n\n\nTo view the elements and subgroups\n\n");
printf(YEnter any alpha-key and press ENTER");
printf(“\n\nElse press EKTER to continue\n\n");
gets(return_char);

if(return_char(0) 1= *\0’)

<
udummy1[0) = *\D’;
udummy2{0] = ’\0’;

udummy3 (0] = '\0’;

screen_printer_write(elements, udummyl, udummy2, udummy3, unknown_file_name);

>
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ABSALGIN.C - This program initializes the external arrays.
*/

extern char subsets[273][203]), internal_form[i55]);

void initialize(elements)
char elements{203] [155];

(
int i;
i~ 0;

internal_form(i} = /\0’;
while(i < 203)
(
elements[i]1 {0 = /\0’;
++i;
>
i=0;
while(i < 273)
¢
subsets[i] (0] = '\0’;
++i;

>
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/i

ABSALGCC.C - Canonical Formatter Program for the Abstract Algebra Programming
System

This function puts into canonical form any permutation passed to
it. It breaks down into three separate parts:

Part 1: Separates the given permutation into individual cycles.

Part 2: Works on each individual cycle, placing the smallest
value first.

Part 3: Combines the individual cycles into one permutation.
Placing the cycle with the largest first value first
then each cycle in decreasing order by the value of
the first element.

This function is called after every permutation multiplication.
*/
extern char subsets([273] (2031, internal_form[155];
void canonical_formatter()
<
char temp_form{155), canonical_form{53][155), first_element;
int i, j, m, n, |, depth_of_canonical_form;
int length_of_internal_form, hold, once_through;
j=0; n=0; m=0; temp_form{0] = ’\0'; /* start Part 1 */

length_of_internal_form = strlen(internal_form);
while(j < length_of_internal_form)

{
canonical_form{m) [(n] = internal_form(jl;
++j;
while(internal_form[jl != internal_form[0] & internal_form[jl 1= /\0’)
<
++n;
canonical_form[m) [n] = internal_form(j];
*+j;
)
+40:

canonical_form[m] [n] = *\0’;
+m; n = 0;
)
depth_of_canonical_form = m - 1; /* end of Part 1 */
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m=0; n=1; /* start Part 2 */
while(m <= depth_of_canonical_form)

<

first_element = canonical_form(m] (n);

hold = n; ++n;

while(canonical_form{m} [n) 1= /\0’)

{
if(first_element > canonical_form[m) [n1)
{
first_element = canonical_formim) [n];
hold = n;
)}
++n;
b

i= 0;

temp_formli] = internal_form[0)};

++i; n = hold;

temp_form([i]l = canonical_formIm} (n];

++n; ++i;

while(canonical_formiml [n] 1= canonical_fornim] thold))

{
if(canonical_form(m) [n] 1= ‘\0’)
{
temp_form[i] = canonical_form(m) [n];
++i; +4n;
}
else
{
n=1;
)
}

temp_form(i] = \0’;
strcpy(canonical_form(m], temp_form);
+4m; n = 1;

) /* end of Part 2 */
n = 1; once_through = 1; | = 0; /* start Part 3 */
while(depth_of_canonical_form >= 0)

(

m=0;

first_element = canonical_formim] [n];
hold = m; ++m;
while(m <= depth_of_canonical_form)

¢

if(first_element < canonical_formIml [n])
¢
first_element = canonical_form(m] {n];
hold = m;
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++m;
)

i=hold; m=1i+1; j=0;

if(once_through == 1)

<
while(canonical_form[il [j1 1= *\0’)
(4
temp_form[l] = canonical_form(i] (jl;
++(; ++);
)
--once_through;
)
else
¢
while(canonical_form{il[j] iz /\0)
¢
temp_form[l] = canonfcal_form(i] (j};
++{; ++j;
>
)
while(m <= depth_of_canonical_form)
{
strepy(canonical_form[i}, canonical_form{m]);
++i; ++m;
)
- -depth_of_canonical_form;
) /* end of Part 3 */

temp_form[l] = '\0’;
strcpy(internal_form, temp_form);
}
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ABSALGPO.C - This program printsout the generating elements produced by
the different generating programs - Groupd, Groupc, Groupa, and Groupg

*/
extern char subsets([273){203], internal_form(155);

void permutation_out(elements)
char elements[203] [(155];

{
int i, j;
i=1;
i=N
while(elements[jI[0) 1= '\0’)
{
strepy(internal_form, elements(jl);
printf(*( *);
while(internal_form[il 1= '\0’)
(
if(internal_form[i] == internal_form[0])
{
printf(")( “);
++i;
)
else
{
printf("%d », internal_form(il);
++i;
>
b
printf(*)\n");
s HE B H
b
>
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/Q
ABSALGIF.C - Internal Formatter for the Abstract Algebra Programming
System.

This function accepts a permutation from the Driver and converts it into the
internal format that the rest of the program can then use. This routine
calls SINGLETON SEARCH, CANONICAL FORMATTER, and DISJOINT to perform

its tasks.

*/

extern char subsets[273)(203], internal_form[155);
#include "ctype.h"

void singleton_search();

void disjoint(char if_work_form(]);

void canonical_formatter();

int internal_format(permu_in)
char permu_in{80];

(¢
char return_char(2], if_work_form(311]1;
int i1, j, int_val, n, digit_test, space_test, good_bad;

i=0;j=0; good bad = 1;
n = strlen(permu_in);
if_work_formf0l = /\0’;
while(i < n)
e
digit_test = isdigit(permu_in(i});
if(digit_test)
{
sscanf(&permu_inl[i], "Xd*, &int_val);
if(int_val > 127}
¢
clrser();
printf("\n\n\n¥d is greater than 127, ", int_val);
printf("the maximum allowed value.\n\n");
printf(“rlease press ENTER to continue *);
gets(return_char);
good_bad = 0;
break;
)

else
(
if(int_val == 0)
{
clrser();
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b

printf("\n\n\n0 by itself is not an allowed input
printf("Please press ENTER to continue ");
gets(return_char);

good_bad = 0;

break;

)

internal_form(]j] = int_val;

+Hi; *+j;

digit_test = isdigit(permu_inlil);

value.\n\n");

while(digit_test)
<
++{;
digit_test = isdigit(permu_inlil);
3}
}
else
L8
space_test = jsspace(permu_inlil);
if(space_test)
++i;
else
{
if(permu_in[il == ()
(4
internal_form(jl = -1;
+Hi; ++je
}
else
(4
if(permu_in[i) == "))
++i;
else
¢
clrser();
printf("\n\n\nintegers, spaces, and ’()’ are the ");
printf("only legal characters.\n\n");
printf("Please press ENTER to continue “);
gets(return_char);
good_bad = 0;
break;
b
b
)
)
>
internal_form(j] = '\0’;
i f(good_bad)
(
singleton_search();
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n = strien(internal_form);
ifcn)
{
strepy(if_work_form, internal_form);
disjoint(if_work_form);
i=0;
while(if_work_form{jl I= ‘\0’)
(
internal_form(jl = if_work_form{jl;
++j;
)
internal_form[j) = /\0’;
singleton_search();
n = strien(internal_form);
if(n)
canonica._formatter();
else
(
clrscr();
printf(*\n\n\nThe previous permutation equated to all singletons.");
printf("pPlease press ENTER to continue *);
gets(return_char);
good_bad = 0;
)

else
{
clrscr();
printf("\n\n\nThe previous permutation equated to all singletons.\n\n");
printf(“Please press ENTER to continue ");
gets(return_char);
good_bad = 0;
>
)
return(good_bad);
)
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/t

ABSALGFR.C - File read data program for the Abstract Algeba Programming
System

This program reads the data created and written to a file by the
different Group Generation Programs.

*/

extern char subsets([27311203), internal_form[155];

#include "stdio.h"

void screen_printer_write(char elements(l[), char *, char *, char *, char *);

void file_read(elements, dihedral, cyclic, abelian, unknown)
char elements[203] [155], dihedral (4], cyclicl4), abelian(81, unknown(8];

<

int i, j, int_value, efile_value, sfile_value, dihecral_value, cyclic_value;
int char_count, line_count, high_count, length_count, count_array(273];
char element_form(155], subgroup_form[203], output_select{3];

char element_file[15], subgroup_file(15), return_cher(2];

char subgroup_sort [273) [203];

FILE *ep;

FILE *sp;

FILE *prn_ptr;

/* the following area is the filename construction area */

i=0;
if(dihedral [0 1= ’\0')
<
element_filel0) = ‘D’;
element_file[1) = 'E!;
element_file[2] = '\0‘;
subgroup_file{0} = ‘0’;
subgroup_file(1] = 's’;
subgroup_file[2]) = /\0/;
strcat(element_file, dihedral);
strcat(subgroup_file, dihedral);
>
else
(
if(cyclicl0) 1= 7\0%)
8
element_file{0) = /C’;
element_file{1] = 'E’;
element_file(2] = '\0’;
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subgroup_filef(0l = ‘C’;
subgroup_filel1] = 's’;
subgroup_file[2] = '\0/;
strcat(element_file, cyclic);
strcat(subgroup_file, cyclic);
)
else
<
if(abelian[0] 1= '\0’)
(
element_filef0] = '\0’;
subgroup_fitelQl = /\0’;
strcpy(element_file, abelian);
strcpy(stbgroup_file, abelian);
strcat(element_file, VE");
strcat(subgroup_file, "“S");
M
else

(

element_filel0} = '\0/;
subgroup_filef0) = /\0’;
strcpy(element_file, unknown);
strepy(subgroup_file, unknown);
strcat(element_file, "E¥);
strcat(subgroup_file, "s");

>

)
strcat(element_file, ".DAT");
strcat(subgroup_file, *.DAT");

/* the following area opens the files */

if((ep = fopen(element_file, "rt")) == NULL)
{
printf(¥cannot open element file\n");
exit(1);
}

if((sp = fopen(subgroup_file, "rt")) == NULL)
¢
printf(“cannot open subgroup file\n");
exit(1);
}

/* the following area reads the element file */
i=0;j=1
efile_value = fread(element_form, 1, 155, ep);

while(efile_value)
{
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while(element_form[i] 1= /\0’)
(
int_value = element_formlil;
if¢int_value 3= -2)

(
elements(jl1[i] = 13;
++i;
}
else
<
if(int_value == -3)
(
elements(jl (il = 26;
++i;
)
else
{
elements[j1[i) = element_form(il;
i;
>
b
b

elements[jI[i) = '\0’;
efile_value = fread(etement_form, 1, 155, ep);
++j; 1 =0;
b
fclose(ep);
elements(j3 (0} = ’\0’;

/* the following area reads the subgroup fite %/

i=0;j=1;
sfile_value = fread(subgroup_form, 1, 203, sp);
while(sfile_value)
14
whi le(subgroup_form[i] 1= '\0’)
{
int_value = subgroup_form(il;
if¢int_value s= -2)

(

subsets[jI[i] = 13;

++{;

)

else

4

if(int_value == -3)
(
subsets[j1 (i1 = 26;
+*i;
)
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else

¢

if(int_value == -4)
<
subsets(j1[i] = 115;
++i;
)

else
(
subsets{j] [i] = subgroup_formlil;
++i;

)

)
subsets [j} (i) = /\0’;
sfile_value = fread(subgroup_form, 1, 203, sp);
++j; i =0;
)
fclose(sp);
subsets[j1(0) = *\0';

screen_printer_write(elements, dihedral, cyclic, abelian, unknown);




/t

ABSALGPS.C - MWrite data to either the printer or screen for the Abstract
Algebra Programming System

This program gets the data created and/or written to a file by the
different Group Generation Programs and wrtes to the appropriate output.

*/

extern char subsets([273] [203), internal_form([155];
#include Ystdio.h"

void order_subgroups(int count_array{]l, int *);

void screen_printer_write(elements, dihedral, cyclic, abelian, unknown)
char elements[203) (1551, dihedral[4], cyclicl[4], abelian(8], unknown[8];

(

int i, j, int_value, dihedral_value, cyclic_value, count, subgroup_number;
int char_count, line_count, high_count, count_array[273);

char output_select({3), return_char(2};

FILE *prr_ptr;

high_count = 0;
order_subgroups(count_array, &high_count);
count = 1;

/* the following area determines if output
goes either to screen or to printer */

clrscr();

printf("\n\n\n\n\n\n\n");

printf("%50s", “SELECT OUTPUT METHOD");
printf("\n\n\n");

printf("%45s", "p for PRINTER");

printf(*\n\n");

printf("X44s", "s for SCREEN");

printf("\n\nm\n");

printf("%40s", “Enter choice and press ENTER: ");
gets(output_select);

/* the following area is for screen output */
if(output_select{0] == ’s’)
¢

clrser();
printf("The elements are the following:\n\n");
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printf("e0 is the identity element\n");
j=1ie;
while(elements{j1(0] t= '\0')
{
strepy(internal_form, elements(jl);
printf(exd = ( ", j);
while(internal_form(i] I= '\0')

{
if(internal_form(i) == internal_form(0])
¢
printf(")( ");
+i;
>
else
<
printf("%d ", internal_form[i]);
++i;
3
)
printf(")\n");
;i

)
printf("\nThe subgroups are the following:\n\n");
printf("S0 is the null subgroup\n");
j = 1; subgroup_number = 1;
while(count <= high_count)

(
while(subsets[jl (01 t= *\0’)
(
if(count == count_array[jl)
{
i=0;
printf("s%d = { e0 ", subgroup number);
while(subsets[jl (il I= /\0")
(
printf("eXd ", subsets(j]([il);
++i;
b
printf(")\n");
++j; ++subgroup_number;
M)
else
{
+j;
p]
b
=N
++count;
}

printf("\n\nPress ENTER to continue: ");
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gets(return_char);
)

/* the following area is for printer output */

if(output_select[0) == ’p’)

C

i=0;

clrser();

printf("\N\P\N\n\n\n\n\n");

printf(n"%bés", “PRINTING");

prn_ptr = fopen("PRN", "wt");

if(dihedrat [0} 1= *\0‘)
C
sscanf(&dihedral [i], "%d", &dihedral value);
fprintf(prn_ptr, "\n\nDIHEDRAL GROUP D(%d)\r\n\n", dihedral_value);

)
else
(
if(cyclicl0] 1= /\0')
{
sscanf(&eyclic(il, "%d%, &cy:zlic_value);
fprintf(prn_ptr, "\n\nCYCLIC GROUP C(Xd)\n\n\n", cyclic_value);
)
else
<
if(abelianf0) !'= ‘\0’)
{
fprintf(prn_ptr, “\n\nABELIAN GROUP (%s)\m\n\n", abelian);
b
else
<
fprintf(prn_ptr, "\n\nUNKNOWN GROUP (%s)\n\n\n", unknown);
b
>
)

fputs("The ELEMENTS are the following:\n\n", prn_ptr);
fputs("e0 is the identity element\n", prn_ptr);
j = 1; line_count = 9;
while(elements[j)[0] 1= '\0')
{
if(line_count > 60)
¢
fprintf(prn_ptr, *\n\n\n\n\rimnin");
line_count = 3;
)
fprintf(prn_ptr, “eXd = ( ¥, j);
i =1; char_count = 9;
while(elements(j){i) 1= '\0")
(
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if(char_count > 80)
¢
fprintf(prn_ptr, “\n");
char_count = 0;
++line_count;
>
if(line_count > 60)
{
fprintf(prn_ptr, *“\n\n\n\n\si\n\n\n");
line_count = 3;
>
if(elements(jl(i] == elements{j]’0])
<
fprintf(prn_ptr, “)( ¥);
++i; char_count = char_count + 3;

}
else
¢
fprintf(prn_ptr, "Xd ", elements({jl(il);
++i; char_count = char_count + 3;
)
)
fprintf(prn_ptr, *)\n");
++j;
++line_count;
)
if(line_count <= 61)
{
while(line_count < 70)
{
fprintf(prn_ptr, "“\n");
++line_count;
3
)

fputs("The subgroups are the following:\nm\n", prn_ptr);
fputs("s0 is the null subgroup\n", prn_ptr);

j = 1; line_count = 7; subgroup_number = 1;

while(count <= high_count)

(
while(subsets[j110] != *\0')
<
if(count == count_arrayljl)
{
i=0;
if(line_count > 60)

4
fprintf{prn_ptr, "\n\n\n\n\n\n\n\n"):
line_count = 3;
>
tfprintf(prn_ptr, “S$X%d = ( e0 ", subgroup_number);
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char_count = 12;
while(subsets[jl[i] != /\0')
{
if(char_count > 80)
{
fprintf(prn_ptr, “\n");
char_count = 0;
++line_count;
)
if(line_count > 60)
{
fprintf(prn_ptr, "\n\n\n\n\n\n\n\n");
line_count = 3;
)}
fprintf(prn_ptr, “"eXd %, subsets([jl(il);
++i; char_count = char_count + 5;
}
fprintf{prn_ptr, "}\n%);
++j; ++line_count; ++subgroup_number;

)
else
{
++].
>
)
i=
++count;
}
if(line_count <= 61)
{
while(line_count < 67)
<

fprintf(prn_ptr, "\n");
++line_count;
}
b
fclose(prn_ptr);
printf("\n\nPress ENTER to continue: ");
gets(return_char);
b
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/i

ABSALGOS.C - Orders the subgroup data from lowest order to highest order
for Abstract Algebra Programming System

*/
extern char subsets([273) [203), internal_form[155];
void order_subgroups(count_array, high_count)
int count_array(273), *high_count;
(4

int i, j;
int length_count;

/* the following area sorts the subgroup file */

i=0;
while(i < 273)
(
count_array{il = 0;
++i;
3

length_count = 0;

i=Y

while(subsets[j1[0]1 = '\0’)
¢
length_count = strlen(subsets(jl);
if((ength_count > *high_count)

(
*high_count = length_count;
b,

count_array[j] = length_count;

++j;

)
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/l

ABSALGDW.C - Dihedral write data program for the Abstract Algebra Programming
System

This program writes the data created by the Dihedral Group Generation Program.
*/
extern char subsets[273] (2031, internal_form(155];

#include "stdio.h"

void dihedral_file_write(elements, dihedral)
char elements[203] (1551, dihedral (4);

(

int i, j, int_value, efile_value, sfile_value;
char element_form{155], subgroup_form(203];

char dihedral_element[12], dihedral_subgroup(12];
FILE *ep;

FILE *sp;

/* the following area is the filename construction area */

i=0;

dihedral_element(0] = ‘D’;
dihedral_element(1] = 'E’;
dihedral_element (2] = ’*\0/;
dihedral_subgroup(0] = ’'D’;
dihedral_subgroup(1] = ’S’;
dihedral_subgroup(2] = ’\0’;
strcat(dihedral_element, dihedral);
strcat(dihedral_subgroup, dihedral);
strcat(dihedral_element, ".DAT");
strcat(dihedral_subgroup, ".DAT");

/* the following area opens the files */

if((ep = fopen(dihedral_element, "wt")) == NULL)
(
printf("cannot open element file\n");
exit(1);
)

if((sp = fopen(dihedral_subgroup, "wt'")) == NULL)
{
printf(“cannot open subgroup file\n");
exit(1);
)
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/* the following area writes the element file */

i=0;j=1
while(elements[j1{0] 1= '\0')

(

while(i < 155)
{
element_form{i] = ‘\0’;
++i;
>

i=0;

while(elements (1 {i] (= /\0")
(

int_value = elements{j)[il;
if(int_vatue == 13)

(
element_form[i] = -2;
++i;
b4
else
{
if(int_value == 26)
{
element_formli] = -3;
+i;
3}
else
{
clement_form[i) = elements[j][il;
i
3y
)
)

element_form{il = *\0';
efile_value = furite(elenent_form, 155, 1, ep);
++j; i =0;
b
fclose(ep);

/* the following area writes the subgroup file */

i=0;j=1
while(subsets{j1(01 1= /\Q0’)

L6
while(i < 203)
{
subgroup_form{il = ’\0’;
++i;
>
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i=0;

while(subsets[j] [i] t= /\0')
4
int_value = subsets(j][il;
if(int_value == 13)

(
subgroup_form(i] = -2;
*i;
)
else
4
if{int_value == 26)
8
subgroup_form[il = -3;
++i;
b
else
{
if(int_value == 115}
L4
subgroup_form[i) = -4;
++i;
)
else
<
subgroup_form(il = subsets(j)[il;
+i;
)
)
)
)

subgroup_formlil = ‘\0';
sfile_value = fwrite(subgroup_form, 203, 1, sp);
**j; 0= 0;
)
fclose(sp);
>
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ABSALGCW.C - Cyclic write data program for the Abstract Algebra Programming

System

This program writes the data created by the Cyclic Group Generation Program.

*/

extern char subsets(273]1([203], internal_form(1551;

#include “stdio.h"

void cycltic_file_write(elements, cyclic)
char elements[(203] [155), cyclic(4);

4

int i, j, int_value, efile_value, sfile_value;
char element_form[155), subgroup_form{203];
char cyclic_element[12]), cyclic_subgroup{12];
FILE *ep;

FILE *sp;

/* the following area is the filcname construction area */

i=0;

cyclic_element{0] = ’C’;
cyclic_element (1] = ‘E’;
cyclic_element (2] = ’\0‘;
cyclic_subgroupf0] = *C’;
cyclic_subgroup(1] s,
cyclic_subgroup{2) = "\0';
strcat(cyclic_element, cyclic);
strcat(cyclic_subgroup, cyclic);
strcat(cyclic_element, ".DAT");
strcat(cyclic_subgroup, ".DAT");

/* the following area opens the files */

if((ep = fopen(cyclic_element, “wt")) == NULL)
<
printf("cannot open elemant file\n¥");
exit(1);
)

if((sp = fopen(cyclic_subgroup, "wt")) == NULL)
¢
printf(“cannot open subgroup file\n");
exit(1);
)
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/* the following area writes the element file */

i=0;j=1;
while(elements[j1[0] I= /\0’)

(¢
while(i < 155)
<
element_form{i} = '\0’;
++i;
)
i=0;
while(elements(j1[i] = \0")
{

int_value = elements(j1(il;
if(int_value == 13)

{
etement_form(il = -2;
++i;
)
else
{
if(int_value == 26)
{
element_form(i] = -3;
++i;
b
else
{
element_form{i] = elements(j]{il;
++i;
)
)
>

element_form(il = ’\0’;
efile_value = furite(element_form, 155, 1, ep);
++j; 1 =0;
)
fclose(ep);

/* the following area writes the subgroup file */

i=0;j=1
while(subsets(j1{0]) != /\0Q’)
¢
while(i < 203)
(<
subgroup_form(i) = /\0’;
++i;
)
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i=0;

while(subsets([j) [i] 1= '\0)
<
int_value = subsets(jl[i];
if(int_value == 13)

¢
subgroup_form(il = -2;
++i;
)
else
¢
if(int_value == 26)
{
subgroup_form[i] = -3;
44
bl
else
{
if(int_value == 115)
(
subgroup_form{i] = -4;
++i;
)
else
(¢
subgroup _form[i) = subsets[jl[il;
++i;
)
)
)
)

subgroup_form[i] = /\0’;
sfile_value = fwrite(subgroup_form, 203, 1, sp);
sj; i =0
>
fclose(sp);
)
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/t

ABSALGAW.C - Abelian write data program for the Abstract Algebra Programming
System

This program writes the data created by the Abelian Group Generation Program.
*/
extern char subsets[273][203], internal_form(155];

#include "stdio.h"

void abelian_file write(elements, abelian_file_name)
char elements([203) [155]1, abelisn_file_name(8];

{

int i, j, int_value, efile_value, sfile_value;
char element_form[155], subgroup_form[203];
char abelian_element[15], abelian_subgroupf15};
FILE *ep;

FILE *sp;

/* the following area is the filename construction area */

i=0;

abelian_element (01 = ’\0’;
abelian_subgroup(0] = ’\0‘;
strepy(abelian_element, abelian_file_name);
strcpy(abel ian_subgroup, abelian_file_name);
strcat(abelian_element, “E.DAT");
strcat(abelian_subgroup, “S.DAT");

/* the following area opens the files */

if((ep = fopen(abelian_element, "wt")) == NULL)
(
printf("cannot open element file\n");
exit(1);
)

if((sp = fopen(abelian_subgroup, "wt")) == NULL)
(
printf(“cannot open subgroup file\n");
exit(1);
>

/* the following area writes the element file */
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while(elements(j]1 (0] !'= ’\0’)

¢
while(i < 155)
{
element_form[i] = /\0‘;
++i;
}
i=0;
while(elements[j] [i} t= ’\07)
¢
int_value = elements(j)(i);
if(int_value == 13)
¢
element_form(i] = -2;
++i;
)
else
{
if(int_value == 26)
{
element_form(i) = -3;
++i;
)
else
<
element_form[i] = elements{j)[i);
++i;
?
)
b

element_form(i] = ’\0/;
efile_value = furite(element_form, 155, 1, ep);
++j; i =0;
)
fclose(ep);

/* the following area writes the subgroup file */

i=20; j=1;
while(subsets(j1[0] != /\0’)
{
while(i < 203)
{
subgroup_form{i) = ’\0/;
++i;
2
i=o;
while(subsets{j]{il 1= ’\0’)
(

int_value = subse:s[jl[il;
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if(int_value == 13)

{
subgroup_form(i] = -2;
++i;
)
else
<
if(int_value == 26)
(<
subgroup_form[i] = -3;
++i;
)
else
(
if(int_value == 115)
L4
subgroup_form[il
++i;
)
else
{
subgroup_form[i)
++i;
)
)
)
)

subgroup_form{il = '\0’;
sfile_value = furite(subgroup_form, 203, 1, sp);
++j; 1=0;
)
fclose(sp);
)
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ABSALGUW.C - Unknown write data program for the Abstract Algebra Programming
System

This program writes the data created by the Unknown Group Generation Program.
*/
extern char subsets(273)[203], internal_form[155];

#include “stdio.h"

void unknown_file_write(elements, unknown_file_name)
char elements[203) [155), unknown_file_name(8);

¢

int i, j, int_value, efile_value, sfile_value;
char element_form{155], subgroup_form(203];
char unknown_element (15), unknowr:_subgroup(15];
FILE *ep;

FILE *sp;

/* the following area is the filename construction area */

i=0;

unknown_element [0] = ’\0’;
unknown_subgroup(0] = /\0’;
strepy(unknown_element, unknown_file_name);
strepy(unknown_subgroup, unknown_file_name);
strcat(unknown_element, “E.0AT¥);
strcat(unknown_subgroup, "S.DAT');

/* the following area opens the files */

if((ep = fopen(unknown_element, "wt")) == NULL)
{
printf(*cannot open element file\nv):
exit(1);
)

if((sp = fopen(unknown_subgroup, “wt")) == NULL)
{
printf(“cannot open subgroup file\n");
exit(1);
)

/* the following area writes the :zlement file */
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while(elements{jl (0] t= /\0’)

L4

while(i < 155)
(
element_form{i] = /\0’;
++i;
}

i=0;

whiteCelements{jl[i] 1= '\0%)
(

int_value = elements{jl[i);
if(int_value == 13)

{
element_form[i} = -2;
++i;
)
else
4
if(int_value == 26)
(<
element_formlil = -3;
++i;
)
else
4
element_form[i] = elements(jl[il;
++1i;
>
b
b

element_form{i) = '\0’;
efile_vatue = furite(element_form, 155, 1, ep);
++j; 1=0;
)
fclose(ep);

/* the following area writes the subgroup file */

i=0;j=1;
while(subsets(j1[01 1= /\0*)
{
while(i < 203)
4
subgroup_form[i} = ’\0’;
++i;
)
i=0;
while(subsets[j] [i] t= \D')
(

int_value = subsets(j][i];
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if¢int_value == 13)

(
subgroup_formli) = -2;
++i;
3}
else
{
if¢int_value == 26)
{
subgroup_form[il = -3;
-0"0'1"
3}
else
(
if(int_value == 115)
8
subgroup_form(il = -4;
++4i;
b
2lse
<
subgroup_form[il = subsets(j][il;
++i;
>
)
b
)

subgroup_form{i] = '\0’;
sfile_value = fwrite(subgroup_form, 203, 1, sp);
++j; 1= 0;
)
fclose(sp);
b
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/t

ABSALGGD.C - Group Generator Driver Program for Abstract Algebra
Programming System

This function calls all the functions necessary to generate a group.
*/
extern char subsets[273][203], internal_form(155];

void a_to_the_n(char elements{){], char *, int *, char *);
void subgroup_sort(char *);

void add_subgroups(char *, int *);

char check_subgroup(char *);

void a_times_b(char elements[)[), char *, int * char *);

work_driver(elements, order)
char elements(203] [155];
int *order;

(<

char save_set[407], set[407], work_form(311];

char element_used_table[203] [2];

int new_order, i, j, length_of_subset, compare_sets, m, n;

int new_num_sets, no_new_elements, do_not_have_subgroup, length;
int num_subsets, |, length_of_set;

i=0;

while(i < 203)
(
element_used_table[il {0} = ’\0’;
element_used_table[il [1] = ’'\0’;
++i;
>

work_form[0] = ’\0’;

save_set[0) = '\0’;

set[0} = "\0’;

new_order = *order;

num_subsets = 0;

new_num_sets = num_subsets;

j =1; i =0; setli]l = \0/;

while(j < *order) /* This sets up the base set of elements. */
<
seti]l = j;
strcpy(internal_form, elements(j));
a_to_the_n(elements, set, &new_order, work_form);
element_used_table{j1 (0] = 'x’;
subgroup_sort(set);
add_subgroups(set, &new_num_sets);
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num_subsets = new_num_sets;
i=0; ++j;
*order = new_order;
set{il = /\0/;
b
i=ti=n
while(*order <= 201)
{
no_new_elements = 1;
length_of_subset = strlen(subsets(i));
{ength = length_of_subset + 1;
if(length == *order)
¢
++i;
length_of_subset = strien(subsets[il);
b
while(length_of_subset)
(
strcpy(set, subsets('1);
strcpy(save_set, subsets([il);
length_of _subset = strien(subsets[jl);
length = length_of_subset + 1;
if(length == *order)
<
++j;
length_of_subiset = strlen(subsets(jl);
b
while(length_of_subset)
{
L =0;
length_of_set = strlen(set);
while(subsets [j1[L] 1= /\O')
¢
set[length_of_set] = subsets(jl(l];
++(; ++length_of_set;
)
set(length_of_set] = '\0’;
subgroup_sort(set);
compare_sets = strcmp(set, save_set);
if(compare_sets)
{
do_not_have_subgroup = check_subgroup(set);
if(do_not_have_subgroup)
{
a_times_b(elements, set, &new_order, work_form);
if(*order == new_order)
¢ o
subgroup_sort(set);
add_subgroups(set, &new_num_sets);
if(new_num_sets == num subsets)
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strcpy(set, save_set);

“i;

length_of_subset = strien(subsets[jl);
if(length == *order)

{
++j;
length_of_subset = strlen{subsets(jl);
)
)
else
{
num_subsets = new_num_sets;
length_of_subset = 0; no_new_elements = 0;
)
b
else
{
subgroup_sort(set);
add_subgroups(set, &new_num_sets);
num_subsets = new_num_sets;
length_of_subset = 0; no_new_elements = 0;
*order = new_order;
m=1; r = 0; setn] = /\0’;
while(m < *order)
{
if(element_used_table[m) (0] != ‘x')
<
setn] = m;
strepy(internal_form, elements({m]);
a_to_the_n(elements, set, &new_order,
work_form);
element_used_tablelm] [0] = ’x’;
subgroup_sort(set);
add_subgroups(set, &new_num_sets);
n = 0; ++m;
*order = new_order;
num_subsets = new_num_sets;
set[n] = '\0';
}
else
{
++m;
>
}
)
b
else
{
LA dH
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length_of_subset = strien(subsets(jl);
if(length == *order)

(
3
length_of_subset = strien(subsets(jl);
)
)
hJ
else
<
e
length_of _subset = strien(subsets(jl);
if(length == *order)
<
++j;
length_of_subset = strlen(subsets(j));
>
>
)
if(no_new_elements)
(

wi; j= 1
length_of_subset = strien(subsets(il);
if(length_of_subset == *order)

<
+i;
length_of subset = strlen(subsets{il);
)
}
else
<
length_of_sukset = 0;
)
>

if(no_new_elements)
*order = 255;
)
*order = new_order;
b
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ABSALGAN.C - Basic Premutation Raised to a Power Program for the Abstract
Algebra Programming System

The function receives a permutation and multiplies that permutation
by itself until the null string (/\0’) is found.

*/
extern char subsets[273) [203}, internal_form[155]);

void disjoint(char *);

void singleton_search();

void canonical_formatter();

void check_elements(char elements[1{), int *, int *);

void a_to_the_n(elements, set, order, work_form)
char elements[203] [155], set({407], work_form({311];
int *order;

¢

char save_form[155];

int k, element_number, i;

int new_order, length_internal_form, length_work_form;

save_form([0] = ’\0';
new_order = *order; k = 1;
strcpy(save_form, internal_form);
strcpy(work_form, internal_form);
strcat(work_form, save_form);
length_work_form = strien(work_form);
while(length_work_form)
<
disjoint(work_form);
iz=0;
while(work_formfi] 1= /\0’)
{
internal_form([i] = work_form(il;
obi;
)
internal _form{i] = /\0’;
singleton_search();
length_internal_form = strien(internal_form);
length_work_form = 0;
if(length_internal_form)
L4
canonical_formatter();
check_elements(elements, &new_order, &element_number);
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set (k]
)

B —

set (k) = element_number;
++k;
strcpy(work_form, internal_form);
strcat(work_form, save_form);
length_work_form = strlen(uork_form);
)

M

*order = new_order;

= 1\0’;
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ABSALGSS.C - Subgroup Sorter Program for the Abstract Algetra Programming
System

This function recieves a subset and then sorts it from lowest to
highest.

*/

void subgroup_sort(set)
char set[407);

{
char temp_set[407], delete_set[407), element;
int i, j, n, length_of_set, hold, second_hold;

j=0; i =0; temp_set[0) = /\0’; delete_set[0] = ’\0’;
element = set(i];

hold = i; ++i; second_hold = 101;

while(element 1= 7\0’)

¢
while(set(i] 1= /\0')
{
if(element < set[i])
++i;
else
(
if(element > set[il)
<
element = set[i);
hold = i; ++i;
>
else
(
second_hold = i; ++i;
)
)
)

temp_set[j] = element;
i=0; ++j; n=0;
length_of_set = strlen(set);
while(i <= l{ength_of_set)

¢

if(i == hold || i == second_hold)
++1;

elge
(

delete_set(n] = setlil;
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++i; +4n;
)
b/
strcpy(set, delete_set);

i=0;
element = set[i);
hold = i; ++i; second_hold = 101;
)
temp_set[j] = '\0';
strcpy(set, temp_set);
)
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ABSALGAS.C - Adds generated Subgroups to the list of Subgroups for the
Abstract Algebra Programming System

This function searches all the known gubsets that have been produced
to determine if the current subset is a new subset If it is, then it
is added to the list and the list is returned to the calling function.

*/
extern char subsets[273]12031, internsl_form{155]};
void add_subgroups(set, new_num_sets)

char set{407];
int *new_num_sets;

4
char temp_set[203];
int i, ]}, new, already_have_it, length_of_subset;

temp_set[0] = /\0’; i =0;
j = 1; already_have_it = 0;
while(set{i]l 1= ’'\0’)
L8
temp_set[i] = setl[il;
f#);
>

temp_set[i]l = '\0/;
length_of_subset = strlen(subsets(jl);
while(length_of_subset)

<
new = strcmp(temp_set, subsets(jl);
if(new)
(
++j,
length_of_subset = strlien(subsets{jl);
)
else
<
++already_have_it;
length_of_subset = 0;
)
)
if(already_have_it)
return;
else
(
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strcpy(subsets(j], temp_set);
*new_num_sets = *new_num_sets + 1;
)
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ABSALGKG.C - Check Subgroups for Existence Program for the Abstract Algebra

Programming System

This function searches all the known subgroups that have been
produced to determine if the current subgroup is on the list.

*/
extern char subsets[273} [203), internal_form{155];

char check_subgroup(set)
char set[407};

[§
char temp_set[203];
int i, j, new, have_subgroup, length_of_subgroup;

i =0; temp_set{0] = /\0/;
while(set[i] t= '\0’)
{
temp_set{i] = set(i);
++i;
3
temp_set[i]l = ’'\0/;

j = 1; have_subgroup = 1;
length_of_subgroup = strien(subsets(j));
while(length_of_subgroup)

C
new = strcmp(temp_set, subsets(j));
if(new)
{
++j;
length_of_subgroup = strlen(subsets{j]);
>
else
{
~-have_subgroup;
length_of_subgroup = 0;
)
)
return have_subgroup;

)
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ABSALGAB.C - Multiplier of two Permutations for Abstract Algebra
Programming System

This function receives a set of elements which is composed of 2
subgroups. Its primary function is multiplying every element of
the set by every other element of the set both the left and the
right side.

*/
extern char subsets([273]{203), internsl_form[155];

void disjoint(char *);

void singleton_search();

void canonical_formatter();

void check_elements(char elements[][], int *, int *);
void subgroup_sort(char *);

void a_times_b(elements, set, order, work_form)
char elements{203] [155], set(407), work_“orm[311];
int *order;

{

int i, ), n, new_order, length_of_set, count, element, multiplier;
int multiplican, length_of_internal_form, element_number;

int save_length_of_set, do_not_have_it, m;

save_length_of_set = strlen(set):
length_of_set = save_length_of_set;
new_order = *order;

i=20;j=1i;

while(i < length_of_set)
{
multiplier = set{il;
multiplican = set[j];
strepy(work_form, elements[multiplierl);
strcat(work_form, elements{multiplican]);
while(j < length_of_set)

(
count = 2;
while(count)
{
disjoint(work_form);
m=0;
while(work_formim} 1= /\0/)

{
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internal_form(m] = work_formim];
++m;
)
internal_form(ml = ‘\0’;
singleton_search();
length_of_internsl_form = strlen(internal_form);
if(length_of_internal_form)
{
--count;
canonical_formatter();
check_elements(elements, &new_order, &element_number);
n = 0; do_not_have_it = 1;
while(n < length_of_set)
{
element = setln];
if(element_rumber == element)
<
n = length_of_set;
do_not_have_it = 0;

)
else
++n,
b
if(do_not_have_it)
{

set[n] = element_number;
element = 0; ++n;

set[n] = element;
length_of_set = strlen(set);

M
)
else
count = 0;
if(count)
(
strcpy(work_form, elements[multiplican]);
strcat(work_form, elements[muitiplier]);
)
)

++js
length_of_set = strien(set);
if(j < length_of_set)
¢
strcpy(work_form, elements{nultiplierl);
muitiplican = set{jl;
strcat(work_form, elements(multiplicanl);
2}
)
length_of_set = strlien(set);
if(save_length_of_set == length_of_set)
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*order
}

(

i i=i;

)
else
{
subgroup_sort(set);
i=0; j=1i;
save_length_of_set = strien(set);
length_of_set = save_length_of_set;
)
b
= new_order;
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ABSALGPM.C - Basic Permutation Multiplier for Abstract Algebra
Programming System

This program is called by PROGRAM A_TO_THE_N and A_TIMt;_B o perform
all the necessary multiplication of the permutation generated by the
program.

This program uses Algorithm A (Multiply permutations in cycle form)
from FUNDAMENTAL ALGORITHMS, page 162, by Knuth, 1969.

*/

void disjoint(work_form)
char work_form{311]1;

{

char temp_form(311], start, current;
int i, j, m, already_used;

int n, untagged, length_work_form;

temp_form[0] = ’/\0’;

Length_work_form = strlen(work_form);
i=0;j=0;

temp_form[il = work_form(jl;

++i; ++j2

temp_form(il = work_form[j);

start = work_form(jl;

+i; ++je

current = work_form[j];

while(start 1= '\0/)

(
if(current == work_form{0] || current == '\C’)
<
--iq
current = work_formf{j];
whilefcurrent 1= work_form([0])
{
--i;
current = work_form[j};
)
++j;
current = work_forml[j);
)
++j:
while(j <= length_work_form)
{
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while(current V= work_form{j})
(
if(work_form(j] == ’\0’)
break;
++j;
}
if(work_form[jl t= '\0/)
{
++j;
current = work_form({jl;
if(current == work_form{0] || current == ‘\0’)
<
e
current = work_form{jl;
while(current 1= work_form[0])
{
=i
current = work_form{jl;
)
++j;
current = work_form(j];

S
s

s
)
else
j = length_work_form + 1;
)
if(current I= start)
(

temp_formli] = current;
+wi; j= -1
b
else
¢
i=0;
untagged = work_form([j};
while(untagged 1= 0)
(
already_used = 0;
m=0;
while(m < i)
{
if(temp_form{m) 1= work_form(j})
++m;
clse
(
already used = 1;
m=i;
)

148




if(already_used)

<
++j.
untagged = work_forn{jl;
)

else
break;

)

if(untagged == 0)
8

temp_form(il = /\0’;
start = temp_form(il;

)

else
(
temp_form{i] = work_form([0];
++i;
start = work_form(]j);
temp_form(i] = start;
*Hjr ++i;
current = work_form[]};
>

)

)
work_form[0] = ‘\0’;
strcpy(work_form, temp_form);
)
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ABSALGSI.C - Singleton Search and Deletion Program for the Abstract Al(gebra
Programming System

This function searches a permutation, which is in the internal format,
for singleton cycles. Wwhen a singleton cycle is encountered it is
deleted. This function is called after every permutation
multiplication.

*/

extern char subsets[273] [203]), internal_form{155]);
void singleton_search()
{

char temp_form[155];
int i, j, m, n;

temp_form[0] = ’\0’;
j=0;31=0; m=0;

n = strlen(internat_form);
while(j < n)
{
if(internal_form[jl == internal_form(0])
{
i=j+2;
if(internal_form:i]l == internal_form[0] || internal_form{i]l == ‘\0’)
4
J=i+e
)
else
{
temp_form(m} = internal_form[jl;
+m; ++j;
>
)
else
{
temp_form{m} = internal_form(j];
+4m; ++;
b
)

temp_formlm) = internal_form[nl;
strepy(internail_form, temp_form);
)
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ABSALGKE.C - Element Checker for the Abstract Algebra Programming System

This function searches all the known elements that have been produced
to determine if the current element is a new element. If it is then
it is added to the list and the list is returned to the calling
function.

*/
extern char subsets[273) [203), internal_form[155];
void check_elements(elements, order, element_number)

char elements[z03] [155);
int *order, *element_number;

(
int j, length_of_element, new, already have_it;

j = 1; already_have_it = 0; *element_number = 0;
length_of_element = strien(elements[j));
while(length_of_element)

<
new = strcmp(internal_form, elements(jl);
if(new)
{
i,
length_of _element = strlen(elements{j]);
>
else
(
++already have_it;
*element_number = j;
length_of_element = 0;
)
)
if(already_have_it)
return;
else
{
strcpy(elements(j], internal_form);
*element_number = j;
*order = *order + 1;
)
b
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